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<latexit sha1_base64="o7vQtg+06t46DC+P6goZDe/4ckM=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2WmSHVZcOOyon1AO5RMmmlDk8yQ3FFKKW78FTcuFHHrV7jzb0zbWWjrgYTDOfcmnBMmghvwvG8nt7K6tr6R3yxsbe/s7rn7Bw0Tp5qyOo1FrFshMUxwxerAQbBWohmRoWDNcHg19Zv3TBseqzsYJSyQpK94xCkBK3Xdo04Y4VsgGvADhwEm2t6SAaddt+iVvBnwMvEzUkQZal33q9OLaSqZAiqIMW3fSyAY26c5FWxS6KSGJYQOSZ+1LVVEMhOMZxEm+NQqPRzF2h4FeKb+3hgTacxIhnZSEhiYRW8q/ue1U4gugzFXSQpM0flHUSowxHjaB+5xzSiIkSWE2vCcYjogmlCwrRVsCf5i5GXSKJf8SqlyUy5Wz7M68ugYnaAz5KMLVEXXqIbqiKJH9Ixe0Zvz5Lw4787HfDTnZDuH6A+czx/nr5cY</latexit>

Start with arithmetic
<latexit sha1_base64="LJx3VOnXwxCmE9BmmdmQR+nfMlA=">AAACDHicbVDLSgMxFM34rPVVdekm2AoVpMwUqeKq4MZlBfuAzlAy6Z02TOZhkhFL6Qe48VfcuFDErR/gzr8x085CWw8EDuecy809bsyZVKb5bSwtr6yurec28ptb2zu7hb39lowSQaFJIx6JjkskcBZCUzHFoRMLIIHLoe36V6nfvgchWRTeqlEMTkAGIfMYJUpLvULRusQlGx70JmmfYhPbdwnp47JNh0D9gAj/pKRTZsWcAi8SKyNFlKHRK3zZ/YgmAYSKciJl1zJj5YyJUIxymOTtREJMqE8G0NU0JAFIZzw9ZoKPtdLHXiT0CxWeqr8nxiSQchS4OhkQNZTzXir+53UT5V04YxbGiYKQzhZ5CccqwmkzuM8EUMVHmhAqmP4rpkMiCFW6v3xa1fzJi6RVrVi1Su2mWqyfZXXk0CE6QmVkoXNUR9eogZqIokf0jF7Rm/FkvBjvxscsumRkMwfoD4zPH2FmmUg=</latexit>

1: → 0 (↭)
<latexit sha1_base64="Uu/mKOAtLbqAL85VnnRTXYavJTM="></latexit>

2: → successor S(·) : ↑n , →S(n)
<latexit sha1_base64="GYsiCFntQFoZIAqr5FBn8PDoYjs="></latexit>

. Think 0 → 1 → 2 → 3 · · · (↭)

<latexit sha1_base64="5lwHVjYC9kdfqJRM1aJe4K0P0jU=">AAACDXicbVBNS8NAEN34WetX1KOXxVbwVJIi1WPBi8cK9gOaUDbbTbt0swm7E6WE/gEv/hUvHhTx6t2b/8Ztm0NtfTDweG+GmXlBIrgGx/mx1tY3Nre2CzvF3b39g0P76Lil41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTP32A1Oax/IexgnzIzKQPOSUgJF6dhmXPcUHQyBKxY/YC1IhGOBFTZZ7dsmpODPgVeLmpIRyNHr2t9ePaRoxCVQQrbuuk4CfEQWcCjYpeqlmCaEjMmBdQyWJmPaz2TcTfG6UPg5jZUoCnqmLExmJtB5HgemMCAz1sjcV//O6KYTXfsZlkgKTdL4oTAWGGE+jwX2uGAUxNoRQxc2tmA6JIhRMgEUTgrv88ippVSturVK7q5bql3kcBXSKztAFctEVqqNb1EBNRNETekFv6N16tl6tD+tz3rpm5TMn6A+sr1/uQJty</latexit>→ • → n

<latexit sha1_base64="sKlP9WBnr8pB1EmlLnTvRHrTiM4=">AAACQXichZC9SwMxGMZzftb6deroEmwFp3JXpDoWXBwr2A/olZJLc21ocnck7ynl6L/m4n/g5u7ioIiri2l7Q20LPhB4+D3vS5LHjwXX4Div1tr6xubWdm4nv7u3f3BoHx03dJQoyuo0EpFq+UQzwUNWBw6CtWLFiPQFa/rDm0nefGBK8yi8h1HMOpL0Qx5wSsCgrt3CRU/x/gCIUtEj9vxECAZ4nkn838QKVuzaBafkTIWXjZuZAspU69ovXi+iiWQhUEG0brtODJ2UKOBUsHHeSzSLCR2SPmsbGxLJdCedNjDG54b0cBApc0LAUzq/kRKp9Uj6ZlISGOjFbAJXZe0EgutOysM4ARbS2UVBIjBEeFIn7nHFKIiRMYQqbt6K6YAoQsGUnjcluItfXjaNcsmtlCp35UL1Mqsjh07RGbpALrpCVXSLaqiOKHpCb+gDfVrP1rv1ZX3PRtesbOcE/ZH18wsixLHQ</latexit>→ • → m → • → • →
<latexit sha1_base64="9cXR0E1+GdfYMCSAU2bhU+YOaUA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFvBU9ktUj0WvHisYD9gu5RsOtuGZpMlySpl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapotCmkkvVC4kGzgS0DTMceokCEoccuuHkdu53H0FpJsWDmSYQxGQkWMQoMVbycbUvgCgln6qDcsWtuQvgdeLlpIJytAblr/5Q0jQGYSgnWvuem5ggI8owymFW6qcaEkInZAS+pYLEoINscfIMX1hliCOpbAmDF+rviYzEWk/j0HbGxIz1qjcX//P81EQ3QcZEkhoQdLkoSjk2Es//x0OmgBo+tYRQxeytmI6JItTYlEo2BG/15XXSqde8Rq1xX680r/I4iugMnaNL5KFr1ER3qIXaiCKJntErenOM8+K8Ox/L1oKTz5yiP3A+fwBj5JCl</latexit>

→
<latexit sha1_base64="gq29+D4HMvvoG5+Qu9eCiogToV8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6s2CF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD+SmXyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUrXq1Su6+W65d5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB+QVjOg=</latexit>

?
<latexit sha1_base64="juSUNTgOB/CD5dotysY4158dVGM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0Wom5CkNa27ihuXFewD21Am00k7dDIJMxOxhP6FGxeKuPVv3Pk3TtoKKnrgwuGce7n3Hj9mVCrL+jByK6tr6xv5zcLW9s7uXnH/oC2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3KZ+Z07IiSN+I2axsQL0YjTgGKktHQLyxcwoPdJfDoolizzvO46Zw60TMuqORU3I06t6lSgrZUMJbBEc1B87w8jnISEK8yQlD3bipWXIqEoZmRW6CeSxAhP0Ij0NOUoJNJL5xfP4IlWhjCIhC6u4Fz9PpGiUMpp6OvOEKmx/O1l4l9eL1FB3UspjxNFOF4sChIGVQSz9+GQCoIVm2qCsKD6VojHSCCsdEgFHcLXp/B/0nZM2zXda6fUqC7jyIMjcAzKwAY10ABXoAlaAAMOHsATeDak8Wi8GK+L1pyxnDkEP2C8fQJy55Ab</latexit>

(A fixup)
<latexit sha1_base64="juSUNTgOB/CD5dotysY4158dVGM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0Wom5CkNa27ihuXFewD21Am00k7dDIJMxOxhP6FGxeKuPVv3Pk3TtoKKnrgwuGce7n3Hj9mVCrL+jByK6tr6xv5zcLW9s7uXnH/oC2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3KZ+Z07IiSN+I2axsQL0YjTgGKktHQLyxcwoPdJfDoolizzvO46Zw60TMuqORU3I06t6lSgrZUMJbBEc1B87w8jnISEK8yQlD3bipWXIqEoZmRW6CeSxAhP0Ij0NOUoJNJL5xfP4IlWhjCIhC6u4Fz9PpGiUMpp6OvOEKmx/O1l4l9eL1FB3UspjxNFOF4sChIGVQSz9+GQCoIVm2qCsKD6VojHSCCsdEgFHcLXp/B/0nZM2zXda6fUqC7jyIMjcAzKwAY10ABXoAlaAAMOHsATeDak8Wi8GK+L1pyxnDkEP2C8fQJy55Ab</latexit>

(A fixup)

<latexit sha1_base64="juSUNTgOB/CD5dotysY4158dVGM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0Wom5CkNa27ihuXFewD21Am00k7dDIJMxOxhP6FGxeKuPVv3Pk3TtoKKnrgwuGce7n3Hj9mVCrL+jByK6tr6xv5zcLW9s7uXnH/oC2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3KZ+Z07IiSN+I2axsQL0YjTgGKktHQLyxcwoPdJfDoolizzvO46Zw60TMuqORU3I06t6lSgrZUMJbBEc1B87w8jnISEK8yQlD3bipWXIqEoZmRW6CeSxAhP0Ij0NOUoJNJL5xfP4IlWhjCIhC6u4Fz9PpGiUMpp6OvOEKmx/O1l4l9eL1FB3UspjxNFOF4sChIGVQSz9+GQCoIVm2qCsKD6VojHSCCsdEgFHcLXp/B/0nZM2zXda6fUqC7jyIMjcAzKwAY10ABXoAlaAAMOHsATeDak8Wi8GK+L1pyxnDkEP2C8fQJy55Ab</latexit>

(A fixup)

<latexit sha1_base64="zHlVzpaXqAkeo0UNT759n9pxorA="></latexit>

Need to say S is invertable, → unique ↑.
<latexit sha1_base64="hMPeMGqDXj76u76C9e+V4NvBqxY="></latexit>

Need to say /→ • ↑ 0 .
<latexit sha1_base64="tWUSuFJPUqE7ewZpZ9bGqgC50jI="></latexit>

4: And what about → • → 0 → 1 → 2 → · · · ?

<latexit sha1_base64="VIYdtNt0Je7Gb7IVlIcGlB4JjcA=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUqeKp6MVjBfsBbSib7aZdutmE3YmlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz48F1+A431ZubX1jcyu/XdjZ3ds/sIuHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+6Hbmtx6Z0jySDzCJmReSgeQBpwSM1LOL59f4JgE8HhLAxI8S6Nklp+zMgVeJm5ESylDv2V/dfkSTkEmggmjdcZ0YvJQo4FSwaaGbaBYTOiID1jFUkpBpL52fPsWnRunjIFKmJOC5+nsiJaHWk9A3nSGBoV72ZuJ/XieB4MpLuYwTYJIuFgWJwBDhWQ64zxWjICaGEKq4uRXTIVGEgkmrYEJwl19eJc1K2a2Wq/eVUu0iiyOPjtEJOkMuukQ1dIfqqIEoGqNn9IrerCfrxXq3PhatOSubOUJ/YH3+AOFMkxc=</latexit>

3: But what about

<latexit sha1_base64="D45N4oBzQqq/vTKiIR6CwWZK1C8=">AAACFXicbVA9SwNBEN3z2/gVtbRZDaKFhLsg0VKwsREiGBWSEOc2k2RxP47dPTEc+RM2/hUbC0VsBTv/jZuYQqMPFt6+N8PMvDgR3Low/AwmJqemZ2bn5nMLi0vLK/nVtQurU8OwyrTQ5ioGi4IrrDruBF4lBkHGAi/jm+OBf3mLxnKtzl0vwYaEjuJtzsB5qZnfOwXXRel/jIOy1EKPXl/XUSbdrIKgNIU7rqXt7+zQzWa+EBbDIehfEo1IgYxQaeY/6i3NUonKMQHW1qIwcY0MjB8nsJ+rpxYTYDfQwZqnCiTaRja8qk+3vdKibW38U44O1Z8dGUhrezL2lX7/rh33BuJ/Xi117cNGxlWSOlTse1A7FdRpOoiItrhB5kTPE2CG+10p64IB5nyQOR9CNH7yX3JRKkblYvmsVDjaH8UxRzbIFtklETkgR+SEVEiVMHJPHskzeQkegqfgNXj7Lp0IRj3r5BeC9y/K+56E</latexit>

Mathematicians say “Peano axioms” !

<latexit sha1_base64="jtkkaNO6oGX8RGtZaKMcSFcvXnw="></latexit>

— welcome to → and the Axiom of Choice” !
<latexit sha1_base64="EE9KHCd24IpbC1FQAbApr9iJE6M="></latexit>

Mathematicians then say “Zermelo-Fraenkel

<latexit sha1_base64="gfo0yp2Fri4K83HMGRRr1Pgzrs8=">AAACJ3icbVDLSgMxFM3UV62vqks3wSK4KjNFqispuHElFewD2lIymTttbCYZkoy0lP6NG3/FjaAiuvRPzLRdaOuFwOHcc3PvOX7MmTau++VkVlbX1jeym7mt7Z3dvfz+QV3LRFGoUcmlavpEA2cCaoYZDs1YAYl8Dg1/cJX2Gw+gNJPizoxi6ESkJ1jIKDGW6uYvcVtIJgIQBt8ABJgMmYywDLElE5qKsJEYhpQnAeCA6XsrN5iOKAdd7OYLbtGdFl4G3hwU0Lyq3fxrO5A0iew+yonWLc+NTWdMlGH2w0munWiICR2QHrQsFCQC3RlPfU7wiWUCHEplX3pDyv6eGJNI61HkW2VETF8v9lLyv14rMeFFZ8xEnBgQdLYoTHjqPA3N2lZADR9ZQKhi9lZM+0QRamy0ORuCt2h5GdRLRa9cLN+WCpWzeRxZdISO0Sny0DmqoGtURTVE0SN6Rm/o3XlyXpwP53MmzTjzmUP0p5zvHw1lpgs=</latexit>

Need axiom of induction to exclude disjoint cycles.

<latexit sha1_base64="oX+iOrn3IlemSoQT8Zn80+O/UZs="></latexit>

Fixups are a disgrace.

<latexit sha1_base64="SyssoiNh+6L2GNodiTTnea2/RlI=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwFZIi1WXBjSupYB/QlDKZ3LRDJzNhZiKU0A9w46+4caGIWz/AnX9jknahrWd1OOc+jx9zpo3jfFultfWNza3ydmVnd2//oHp41NEyURTaVHKpej7RwJmAtmGGQy9WQCKfQ9efXOd+9wGUZlLcm2kMg4iMBAsZJSaThtWaV8xIFQQzLxEBqHxSeisNDqXCEdizSlbl2E4BvErcBamhBVrD6pcXSJpEIAzlROu+68RmkBJlGOUwq3iJhpjQCRlBP6OCRKAHaXHIDJ9lSlAsD6UwuFB/d6Qk0noa+VllRMxYL3u5+J/XT0x4NUiZiBMDgs4XhQnHRuI8GRwwBdTwaUYIVSy7FdMxUYSaLL88BHf55VXSqdtuw27c1WvNi0UcZXSCTtE5ctElaqIb1EJtRNEjekav6M16sl6sd+tjXlqyFj3H6A+szx8PpJuO</latexit>

Not for me.

<latexit sha1_base64="gq29+D4HMvvoG5+Qu9eCiogToV8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6s2CF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD+SmXyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUrXq1Su6+W65d5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB+QVjOg=</latexit>

?
<latexit sha1_base64="1B/SCt4gfdQS4WrnO0LeMFfxIa4="></latexit>

5: What about
<latexit sha1_base64="Ms4kqHfJPAxVA3bdzV4OxXD+PXg=">AAACRXicbVBJTwIxGO3ghrihHr00AoknMoMEPZJ48YiJLAlDSKcUaOi0k/YbCSH8OS/evfkPvHjQGK9algOLL2nylu9L2xdEghtw3TcnsbW9s7uX3E8dHB4dn6RPz2pGxZqyKlVC6UZADBNcsipwEKwRaUbCQLB6MLib5vUnpg1X8hFGEWuFpCd5l1MC1mqnfZx1sa95rw9EazXE3ooqrKjrFVVcVj72aUeByeIcEUr28JBDv53OuHl3BrxJvAXJoAUq7fSr31E0DpkEKogxTc+NoDUmGjgVbJLyY8MiQgekx5qWShIy0xrPWpjgnHU6uKu0PRLwzF3eGJPQmFEY2MmQQN+sZ1Pzv6wZQ/e2NeYyioFJOr+oGwsMCk8rxR2uGQUxsoRQze1bMe0TTSjY4lO2BG/9y5ukVsh7pXzpoZApFxd1JNEFukRXyEM3qIzuUQVVEUXP6B19oi/nxflwvp2f+WjCWeycoxU4v3+ENrEg</latexit>

0 → 1 → 2 → 3 → 4 → · · ·
<latexit sha1_base64="BtEi02Am34aBAiIqqxLgzAItZPE=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGMA/YhDA7mSRDZmeWmV4lLPkMLx4U8erXePNvnDwOmljQUFR1090VJVJY9P1vL7exubW9k98t7O0fHB4Vj0+aVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtR26s0OoBJwnvxnSoxEAwik4KCZVaDcmTwFGvWPLL/hxknQRLUoIl6r3iV6evWRpzhUxSa8PAT7CbUYOCST4tdFLLE8rGdMhDRxWNue1m85On5MIpfTLQxpVCMld/T2Q0tnYSR64zpjiyq95M/M8LUxzcdDOhkhS5YotFg1QS1GT2P+kLwxnKiSOUGeFuJWxEDWXoUiq4EILVl9dJs1IOquXqfaVUu1rGkYczOIdLCOAaanAHdWgAAw3P8ApvHnov3rv3sWjNecuZU/gD7/MH10iQ8A==</latexit>

along with<latexit sha1_base64="7SqHpSpdNbG3/QGuLQFpepZbAw4=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY8kXjxiIh8JbEi3dKGh265tF0MIv8OLB43x6o/x5r+xC3tQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY36Z+e0KVZlI8mGlM/QgPBQsZwcZKfrnHaWiwUvKpXOgXS27FXQCtEy8jJcjQ6Be/egNJkogKQzjWuuu5sfFnWBlGOJ0XeommMSZjPKRdSwWOqPZni6Pn6MIqAxRKZUsYtFB/T8xwpPU0CmxnhM1Ir3qp+J/XTUx448+YiBNDBVkuChOOjERpAmjAFCWGTy3BRDF7KyIjrDAxNqc0BG/15XXSqla8WqV2Xy3Vr7I48nAG53AJHlxDHe6gAU0g8AjP8ApvzsR5cd6dj2VrzslmTuEPnM8f3z2Rew==</latexit>→

<latexit sha1_base64="7SqHpSpdNbG3/QGuLQFpepZbAw4=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY8kXjxiIh8JbEi3dKGh265tF0MIv8OLB43x6o/x5r+xC3tQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY36Z+e0KVZlI8mGlM/QgPBQsZwcZKfrnHaWiwUvKpXOgXS27FXQCtEy8jJcjQ6Be/egNJkogKQzjWuuu5sfFnWBlGOJ0XeommMSZjPKRdSwWOqPZni6Pn6MIqAxRKZUsYtFB/T8xwpPU0CmxnhM1Ir3qp+J/XTUx448+YiBNDBVkuChOOjERpAmjAFCWGTy3BRDF7KyIjrDAxNqc0BG/15XXSqla8WqV2Xy3Vr7I48nAG53AJHlxDHe6gAU0g8AjP8ApvzsR5cd6dj2VrzslmTuEPnM8f3z2Rew==</latexit> →
<latexit sha1_base64="7SqHpSpdNbG3/QGuLQFpepZbAw4=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY8kXjxiIh8JbEi3dKGh265tF0MIv8OLB43x6o/x5r+xC3tQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY36Z+e0KVZlI8mGlM/QgPBQsZwcZKfrnHaWiwUvKpXOgXS27FXQCtEy8jJcjQ6Be/egNJkogKQzjWuuu5sfFnWBlGOJ0XeommMSZjPKRdSwWOqPZni6Pn6MIqAxRKZUsYtFB/T8xwpPU0CmxnhM1Ir3qp+J/XTUx448+YiBNDBVkuChOOjERpAmjAFCWGTy3BRDF7KyIjrDAxNqc0BG/15XXSqla8WqV2Xy3Vr7I48nAG53AJHlxDHe6gAU0g8AjP8ApvzsR5cd6dj2VrzslmTuEPnM8f3z2Rew==</latexit>

→<latexit sha1_base64="7SqHpSpdNbG3/QGuLQFpepZbAw4=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY8kXjxiIh8JbEi3dKGh265tF0MIv8OLB43x6o/x5r+xC3tQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY36Z+e0KVZlI8mGlM/QgPBQsZwcZKfrnHaWiwUvKpXOgXS27FXQCtEy8jJcjQ6Be/egNJkogKQzjWuuu5sfFnWBlGOJ0XeommMSZjPKRdSwWOqPZni6Pn6MIqAxRKZUsYtFB/T8xwpPU0CmxnhM1Ir3qp+J/XTUx448+YiBNDBVkuChOOjERpAmjAFCWGTy3BRDF7KyIjrDAxNqc0BG/15XXSqla8WqV2Xy3Vr7I48nAG53AJHlxDHe6gAU0g8AjP8ApvzsR5cd6dj2VrzslmTuEPnM8f3z2Rew==</latexit>

→

<latexit sha1_base64="7SqHpSpdNbG3/QGuLQFpepZbAw4=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY8kXjxiIh8JbEi3dKGh265tF0MIv8OLB43x6o/x5r+xC3tQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY36Z+e0KVZlI8mGlM/QgPBQsZwcZKfrnHaWiwUvKpXOgXS27FXQCtEy8jJcjQ6Be/egNJkogKQzjWuuu5sfFnWBlGOJ0XeommMSZjPKRdSwWOqPZni6Pn6MIqAxRKZUsYtFB/T8xwpPU0CmxnhM1Ir3qp+J/XTUx448+YiBNDBVkuChOOjERpAmjAFCWGTy3BRDF7KyIjrDAxNqc0BG/15XXSqla8WqV2Xy3Vr7I48nAG53AJHlxDHe6gAU0g8AjP8ApvzsR5cd6dj2VrzslmTuEPnM8f3z2Rew==</latexit>→

<latexit sha1_base64="btRc+kKfqErCy9fmzlV5o8rBedA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sI5gOSI+xt5pIlu3vH7p4QQv6CjYUitv4hO/+Nd8kVmvhg4PHeDDPzglhwY1332ylsbe/s7hX3SweHR8cn5dOzjokSzbDNIhHpXkANCq6wbbkV2Is1UhkI7AbTu8zvPqE2PFKPdhajL+lY8ZAzajOp2qqWhuWKW3OXIJvEy0kFcrSG5a/BKGKJRGWZoMb0PTe2/pxqy5nARWmQGIwpm9Ix9lOqqETjz5e3LshVqoxIGOm0lCVL9ffEnEpjZjJIOyW1E7PuZeJ/Xj+x4a0/5ypOLCq2WhQmgtiIZI+TEdfIrJilhDLN01sJm1BNmU3jyULw1l/eJJ16zWvUGg/1StPN4yjCBVzCNXhwA024hxa0gcEEnuEV3hzpvDjvzseqteDkM+fwB87nD5NajTs=</latexit>

P
<latexit sha1_base64="GpmY82Ykv0TZM3ybZ5+jRaRDyXg=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsYREwAQuZG/Zgw27e5fdORNC+As2Fhpj6x+y8994B1co+JJJXt6bycy8IJbCout+O4Wt7Z3dveJ+6eDw6PikfHrWtVFiGO+wSEbmMaCWS6F5BwVK/hgbTlUgeS+Y3mV+74kbKyL9gLOY+4qOtQgFo5hJ1Xa1NCxX3Jq7BNkkXk4qkKM1LH8NRhFLFNfIJLW277kx+nNqUDDJF6VBYnlM2ZSOeT+lmipu/fny1gW5SpURCSOTlkayVH9PzKmydqaCtFNRnNh1LxP/8/oJhrf+XOg4Qa7ZalGYSIIRyR4nI2E4QzlLCWVGpLcSNqGGMkzjyULw1l/eJN16zWvUGu16penmcRThAi7hGjy4gSbcQws6wGACz/AKb45yXpx352PVWnDymXP4A+fzB5TgjTw=</latexit>

Q

<latexit sha1_base64="FjAi2m9x6kLNovSlKBQZUJx0J2s=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsUQjSAIXsrcssGF377I7Z0Iu/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEElh0XW/ncLG5tb2TnG3tLd/cHhUPj7p2DA2jLdZKEPTDajlUmjeRoGSdyPDqQokfwymN5n/+MSNFaF+wFnEfUXHWowEo5hJ1ftqaVCuuDV3AbJOvJxUIEdrUP7qD0MWK66RSWptz3Mj9BNqUDDJ56V+bHlE2ZSOeS+lmipu/WRx65xcpMqQjEKTlkayUH9PJFRZO1NB2qkoTuyql4n/eb0YR9d+InQUI9dsuWgUS4IhyR4nQ2E4QzlLCWVGpLcSNqGGMkzjyULwVl9eJ516zWvUGnf1StPN4yjCGZzDJXhwBU24hRa0gcEEnuEV3hzlvDjvzseyteDkM6fwB87nD5ZmjT0=</latexit>

R
<latexit sha1_base64="AUm3B6suIw2v1DlkkeunYNrtYAo=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrcssGF377I7Z0Iu/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEElh0XW/ncLG5tb2TnG3tLd/cHhUPj7p2DA2jLdZKEPTDajlUmjeRoGSdyPDqQokfwymN5n/+MSNFaF+wFnEfUXHWowEo5hJ1ftqaVCuuDV3AbJOvJxUIEdrUP7qD0MWK66RSWptz3Mj9BNqUDDJ56V+bHlE2ZSOeS+lmipu/WRx65xcpMqQjEKTlkayUH9PJFRZO1NB2qkoTuyql4n/eb0YR9d+InQUI9dsuWgUS4IhyR4nQ2E4QzlLCWVGpLcSNqGGMkzjyULwVl9eJ516zWvUGnf1StPN4yjCGZzDJXhwBU24hRa0gcEEnuEV3hzlvDjvzseyteDkM6fwB87nD5fsjT4=</latexit>

S

<latexit sha1_base64="uaSD52qtHIsS3qNgnZmXwT7C+fQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sI+RCSI+xt5pIlu3vH7p4QjvwFGwtFbP1Ddv4b75IUmvhg4PHeDDPzglhwY1332ylsbe/s7hX3SweHR8cn5dOzrokSzbDDIhHpx4AaFFxhx3Ir8DHWSGUgsBdM73K/94Ta8Ei17SxGX9Kx4iFn1OZStV0tDcsVt+YuQDaJtyIVWKE1LH8NRhFLJCrLBDWm77mx9VOqLWcC56VBYjCmbErH2M+oohKNny5unZOrTBmRMNJZKUsW6u+JlEpjZjLIOiW1E7Pu5eJ/Xj+x4a2fchUnFhVbLgoTQWxE8sfJiGtkVswyQpnm2a2ETaimzGbx5CF46y9vkm695jVqjYd6pemu4ijCBVzCNXhwA024hxZ0gMEEnuEV3hzpvDjvzseyteCsZs7hD5zPH5lyjT8=</latexit>

T

<latexit sha1_base64="qRoxNfUVVIccNtmY+rvHdjZP1co=">AAACHnicbVDLSgMxFM3UV62vqks3wSLUzTBTqIqrghtxVdE+oC0lk6ZtbCYZ8xDK0C9x46+4caGI4Er/xnQ6C209EDice+4jJ4gYVdrzvp3M0vLK6lp2PbexubW9k9/dqythJCY1LJiQzQApwignNU01I81IEhQGjDSC0cW03nggUlHBb/U4Ip0QDTjtU4y0lbr58pUYcngzosxOGMD2vUE92E7mxgEzZFK8s4aKSg0uFq4ZHXfzBc/1EsBF4qekAFJUu/nPdk9gExKuMUNKtXwv0p0YSU0xI5Nc2ygSITxCA9KylKOQqE6cnDGBR1bpwb6Q9nENE/V3R4xCpcZhYJ0h0kM1X5uK/9VaRvfPOjHlkdGE49mivmFQCzjNCvaoJFizsSUIS2pvhXiIJMLaJpqzIfjzX14k9ZLrn7jl61Khcp7GkQUH4BAUgQ9OQQVcgiqoAQwewTN4BW/Ok/PivDsfM2vGSXv2wR84Xz+FQ6K2</latexit>

John Skilling (john@skilling.co.uk)
<latexit sha1_base64="L76kyhMt1LtE8Iot3rN0KSoNY2k=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5IErOKpIoIXoYL9gLaUzXbTLt1swu5GDKX+FS8eFPHqD/Hmv3Hb5qCtDwYe780wM8+POVPacb6t3Mrq2vpGfrOwtb2zu2fvHzRUlEhC6yTikWz5WFHOBK1rpjltxZLi0Oe06Y+upn7zgUrFInGv05h2QzwQLGAEayP17OItfrwW2nO8U3SZkBHHot+zS07ZmQEtEzcjJchQ69lfnX5EkpAKTThWqu06se6OsdSMcDopdBJFY0xGeEDbhgocUtUdz46foGOj9FEQSVNCo5n6e2KMQ6XS0DedIdZDtehNxf+8dqKD8+6YiTjRVJD5oiDhSEdomgTqM0mJ5qkhmEhmbkVkiCUm2uRVMCG4iy8vk4ZXdivlyp1Xql5kceThEI7gBFw4gyrcQA3qQCCFZ3iFN+vJerHerY95a87KZorwB9bnDxkQk8M=</latexit>

MaxEnt2025 Auckland

<latexit sha1_base64="N5QhaGULGhtpzisfrpDIIEt6a+w=">AAAB+3icbVA9SwNBEN2LXzF+nbG0WQyCVbhLES0DNnZGNB+QHGFvM5cs2d07dvfEcOSv2FgoYusfsfPfuEmu0MQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8co/LbR2nikKLxjxW3ZBo4ExCyzDDoZsoICLk0Akn13O/8whKs1g+mGkCgSAjySJGibHSwC33wwjfpgrfT4UAoxjogVvxqt4CeJ34OamgHM2B+9UfxjQVIA3lROue7yUmyIgyjHKYlfqphoTQCRlBz1JJBOggW9w+w+dWGeIoVrakwQv190RGhNZTEdpOQcxYr3pz8T+vl5roKsiYTFIDki4XRSnHJsbzIPCQKaCGTy0hVDF7K6Zjogg1Nq6SDcFffXmdtGtVv16t39UqjUYeRxGdojN0gXx0iRroBjVRC1H0hJ7RK3pzZs6L8+58LFsLTj5zgv7A+fwBoxeUMg==</latexit>

Our Symmetries
<latexit sha1_base64="k+pF8M6xYGA7xaweCr986sJX2bs=">AAACCXicbVA9TwJBFNzDL8SvU0ubjcTEgpA7CqTE2FhCImAChOwtC2zY3bvsvjUhhNbGv2JjoTG2/gM7/40LXKHgJC+ZzLyXyZsoEdxAEHx7mY3Nre2d7G5ub//g8Mg/Pmma2GrKGjQWsb6PiGGCK9YADoLdJ5oRGQnWisY3c7/1wLThsbqDScK6kgwVH3BKwEk9H19rDiPJgNMCruk4IhEXHCYFXLdEgZU9Px8UgwXwOglTkkcpaj3/q9OPqZVMARXEmHYYJNCdEu0iBJvlOtawhNAxGbK2o4pIZrrTxSczfOGUPh7E2o0CvFB/X0yJNGYiI7cpCYzMqjcX//PaFgaV7pSrxAJTdBk0sAJDjOe14D7XjIKYOEKoq4RTTEdEEwquvJwrIVx9eZ00S8WwXCzXS/lqJa0ji87QObpEIbpCVXSLaqiBKHpEz+gVvXlP3ov37n0sVzNeenOK/sD7/AElWJn4</latexit>

Arithmetic, Probability, Quantum



2

<latexit sha1_base64="j4pUWjADlGr8in9p/zetZZ+Pk8E="></latexit>

Modelling encodes objects from a finite library (size N) of symbols.
<latexit sha1_base64="fjxCxVzd1Rvpa5BJmGyDxtweBq0=">AAACAXicbVA9SwNBEN3zM8avUxvBZjEIVuEuSBSrgI1lBPMByRH2NnPJkt29Y3dPCEds/Cs2ForY+i/s/Ddukis08cHA470ZZuaFCWfaeN63s7K6tr6xWdgqbu/s7u27B4dNHaeKQoPGPFbtkGjgTELDMMOhnSggIuTQCkc3U7/1AEqzWN6bcQKBIAPJIkaJsVLPPfavcRdEMsxagIkCHDHJDJQnPbfklb0Z8DLxc1JCOeo996vbj2kqQBrKidYd30tMkBFlGOUwKXZTDQmhIzKAjqWSCNBBNvtggs+s0sdRrGxJg2fq74mMCK3HIrSdgpihXvSm4n9eJzXRVZAxmaQGJJ0vilKOTYynceA+U0ANH1tCqGL2VkyHRBFqbGhFG4K/+PIyaVbKfrVcvauUahd5HAV0gk7ROfLRJaqhW1RHDUTRI3pGr+jNeXJenHfnY9664uQzR+gPnM8fF2yWAA==</latexit>

1: We are finite.

<latexit sha1_base64="VnFefZrYeDoRo0fr1DLuyUa+AkI=">AAACLHicbVDLSgMxFM3Ud31VXboJFkE3ZUakuiwI4lLBPqAOJZO5bYOZzJDcKKX4QW78FUFcWMSt32Gm7UJbLwROzrnPE2VSGPT9kVdYWFxaXlldK65vbG5tl3Z2Gya1mkOdpzLVrYgZkEJBHQVKaGUaWBJJaEb3F7nefABtRKpucZBBmLCeEl3BGTqqU7q4tCpmCShkkmagE4tjhQpD+YBLwemjwD7NtEiASlA99zlSKTU2ynUwx5VOqexX/HHQeRBMQZlM47pTeruLU27zqVwyY9qBn2E4ZBqF6/hUvLMGMsbvWQ/aDiq3nwmH42Of6KFjYtpNtXsK6Zj9XTFkiTGDJHKZCcO+mdVy8j+tbbF7Hg6FyiyC4pNBXSsppjR3jsZCA0c5cIBxLdyulPeZZhydv0VnQjB78jxonFSCaqV6c1KunU7tWCX75IAckYCckRq5ItekTjh5Jq/kg4y8F+/d+/S+JqkFb1qzR/6E9/0DcouoQg==</latexit>

Fundamental permutation is cyclic with prime length (no subcycles).
<latexit sha1_base64="G2UjIyuI7Qhl0ul+GqduMb9IfV4="></latexit>

Arbitrarily assign labels {0, 1, 2, · · · , N→1︸ ︷︷ ︸
Library

} with N prime.

<latexit sha1_base64="giwWsqzfSFZzyjGLKPPc58GvJMI=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclZki1WXFjcsK9gHtUDLpnTY0yQxJRihDd278FTcuFHHrL7jzb0zbWWjrgcDJOffe5J4w4Uwbz/t2VlbX1jc2C1vF7Z3dvX334LCp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4ehm6rceQGkWy3szTiAQZCBZxCgxVuq5J90wwteKmaEAwyiOVCywHgt7Uwx0zy15ZW8GvEz8nJRQjnrP/er2Y5oKkIZyonXH9xITZETZ4RwmxW6qISF0RAbQsVQSATrIZntM8JlV+jiKlT3S4Jn6uyMjQtu/hbZSEDPUi95U/M/rpCa6CjImk9SApPOHopRjE+NpKLjPFFDDx5YQasOwQdAhUYQaG13RhuAvrrxMmpWyXy1X7yql2kUeRwEdo1N0jnx0iWroFtVRA1H0iJ7RK3pznpwX5935mJeuOHnPEfoD5/MHCMmZZg==</latexit>

Arithmetic from symmetries

<latexit sha1_base64="LVzmxgKNv7BoU8FcKyd874MtoCM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfMwYa9vcvungm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGLVDahGwSW2DTcCu4lCGgUCH4PJzdx/fEKleSwfzDRBP6IjyUPOqLHSfbVeHZQrbs1dgKwTLycVyNEalL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKp17xGrXFXrzTdPI4inME5XIIHV9CEW2hBGxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAxHI0J</latexit>

2
<latexit sha1_base64="31FGwxxduN/8tMYJOgPifFO3yd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskokcSLx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ/mq3C+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq9Tuq6W6m8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx81q40M</latexit>

5

<latexit sha1_base64="wFrAUOSmcIspj7un0BozbrScYC0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfMwYa9vcvungm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGLVDahGwSW2DTcCu4lCGgUCH4PJzdx/fEKleSwfzDRBP6IjyUPOqLHSfbVRHZQrbs1dgKwTLycVyNEalL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKp17xGrXFXrzTdPI4inME5XIIHV9CEW2hBGxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gA3MI0N</latexit>

6

<latexit sha1_base64="XIg73FOoLfjerpSoICKkeomnmik=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMbub+4xPXRsTqAacJ9yM6UiIUjKKV7qtudVCuuDV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUa16j1rirV5puHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAuEo0H</latexit>

0
<latexit sha1_base64="oVY0jbyphAGibX31VbkMzOJxUvY=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMbub+4xPXRsTqAacJ9yM6UiIUjKKV7qtedVCuuDV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUa16j1rirV5puHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAvl40I</latexit>

1

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>

→

<latexit sha1_base64="kTE8nVv9crMVPyiYCz8F9gaaTAY=">AAAB9XicbVBNTwIxEO36ifiFevTSCCaeyC4a9EjixSMm8pHASrqlCw3ddtPOSsiG/+HFg8Z49b94899YYA8KvmSSl/dmMjMviAU34Lrfztr6xubWdm4nv7u3f3BYODpuGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsHodua3npg2XMkHmMTMj8hA8pBTAlZ6LF11BQuBaK3Gl6VeoeiW3TnwKvEyUkQZ6r3CV7evaBIxCVQQYzqeG4OfEg2cCjbNdxPDYkJHZMA6lkoSMeOn86un+NwqfRwqbUsCnqu/J1ISGTOJAtsZERiaZW8m/ud1Eghv/JTLOAEm6WJRmAgMCs8iwH2uGQUxsYRQze2tmA6JJhRsUHkbgrf88ippVspetVy9rxRrbhZHDp2iM3SBPHSNaugO1VEDUaTRM3pFb87YeXHenY9F65qTzZygP3A+fwCSq5He</latexit>

4 → 3

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>

→

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit> →
<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>→

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>

→

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>

→

<latexit sha1_base64="oyUmHwwWxPxv/cz9tnB3MBbUbSU=">AAACHHicbVDLSgNBEJz1GeMr6tHL4CooSNhVUfEU8OIxgkmE7BJ6Jx0zZHZ2nZkNhpAP8eKvePGgiBcPgn/j5HHwVdBQVHXT3RWlgmvjeZ/O1PTM7Nx8biG/uLS8slpYW6/qJFMMKywRibqOQKPgEiuGG4HXqUKII4G1qHM+9GtdVJon8sr0UgxjuJG8xRkYKzUKhzWkbegiLSPIhAauf0a3A7yzm3WwTz0a3GbQpLsBayPrxKA6e9uNgusVvRHoX+JPiEsmKDcK70EzYVmM0jABWtd9LzVhH5ThTOAgH2QaU2AduMG6pRJi1GF/9NyA7lilSVuJsiUNHanfJ/oQa92LI9sZg2nr395Q/M+rZ6Z1Gva5TDODko0XtTJBTUKHSdEmV8iM6FkCTHF7K2VtUMCMzTNvQ/B/v/yXVA+K/nHx+PLALR1N4siRTbJFdolPTkiJXJAyqRBG7skjeSYvzoPz5Lw6b+PWKWcys0F+wPn4AnWQnxo=</latexit>

We have Peano #1: → 0 (↭)
<latexit sha1_base64="4ZO5bHdOOcoCEQB6fh7RsM8PKaY="></latexit>

n = S(S(· · ·S(︸ ︷︷ ︸
n

0 ) · · · ) )︸ ︷︷ ︸
n

<latexit sha1_base64="U8t4Gpc364hCmAH3MrHDeAEGZXk=">AAACC3icbVC7SgNBFJ31GeNr1dJmSCJECGE3SBSrgI1lRPOAbAizk7vJkNnZZWZWDCG9jb9iY6GIrT9g5984eRSaeKrDOfdy7j1+zJnSjvNtrayurW9sprbS2zu7e/v2wWFdRYmkUKMRj2TTJwo4E1DTTHNoxhJI6HNo+IOrid+4B6lYJO70MIZ2SHqCBYwSbaSOnfGypUuc8+DBZCmvkMMqoRSUiiTO3ebFaa7QsbNO0ZkCLxN3TrJojmrH/vK6EU1CEJpyolTLdWLdHhGpGeUwTnuJgpjQAelBy1BBQlDt0fSXMT4xShcHJj6IhMZT9ffGiIRKDUPfTIZE99WiNxH/81qJDi7aIybiRIOgs6Ag4VhHeFIM7jIJVPOhIYRKZm7FtE8kodrUlzYluIsvL5N6qeiWi+WbUrZyNq8jhY5RBuWRi85RBV2jKqohih7RM3pFb9aT9WK9Wx+z0RVrvnOE/sD6/AH7C5hx</latexit>

#2: → successor S(n),
<latexit sha1_base64="aT5RJYBHzJqluttnidTL42W+iy8=">AAACEXicbVC7SgNBFJ31GeNr1dJmMBFiE3ajRLEK2FhGNA/IhnB3MkmGzM6uM7NCWPILNv6KjYUitnZ2/o2TZAtNPDBwOOdc7tzjR5wp7Tjf1tLyyuraemYju7m1vbNr7+3XVRhLQmsk5KFs+qAoZ4LWNNOcNiNJIfA5bfjDq4nfeKBSsVDc6VFE2wH0BesxAtpIHbvg5U4vcf42j5kwOQ1mEHv3MXRxvuCRASXDAOTwJN+xc07RmQIvEjclOZSi2rG/vG5I4oAKTTgo1XKdSLcTkJoRTsdZL1Y0AjKEPm0ZKiCgqp1MLxrjY6N0cS+U5gmNp+rviQQCpUaBb5IB6IGa9ybif14r1r2LdsJEFGsqyGxRL+ZYh3hSD+4ySYnmI0OASGb+iskAJBBtSsyaEtz5kxdJvVR0y8XyTSlXOUvryKBDdIQKyEXnqIKuURXVEEGP6Bm9ojfryXqx3q2PWXTJSmcO0B9Ynz+1JZsO</latexit>

#3: S invertable (↭)

<latexit sha1_base64="Dm6U9DUTCm1TscXEbH0TMOHP8NI=">AAACDHicbVDLSsNAFJ34rPVVdelmMBXqpiRFq7gquNFdBfuAJpTJZNIOnUzizEQooR/gxl9x40IRt36AO//GSZuFth4YOJxzLnfu8WJGpbKsb2NpeWV1bb2wUdzc2t7ZLe3tt2WUCExaOGKR6HpIEkY5aSmqGOnGgqDQY6Tjja4yv/NAhKQRv1PjmLghGnAaUIyUlvol0zHPLuEN9xOcCdC5T5APyxUHDwkehUiMTso6ZVWtKeAisXNighzNfunL8SOchIQrzJCUPduKlZsioShmZFJ0EklihEdoQHqachQS6abTYybwWCs+DCKhH1dwqv6eSFEo5Tj0dDJEaijnvUz8z+slKrhwU8rjRBGOZ4uChEEVwawZ6FNBsGJjTRAWVP8V4iESCCvdX1GXYM+fvEjatapdr9Zva2bjNK+jAA7BEagAG5yDBrgGTdACGDyCZ/AK3own48V4Nz5m0SUjnzkAf2B8/gD1XZmk</latexit>

#5: Induction (↭)

<latexit sha1_base64="M7T2Aium8olsI6HH2lBTP9ysSu8=">AAACDXicbVDLSsNAFJ3UV62vqEs3g6lQF5aklCoFoSCIK6loH9CEMplO2qGTBzMToYT+gBt/xY0LRdy6d+ffOGmz0OqBC4dz7uXee9yIUSFN80vLLS2vrK7l1wsbm1vbO/ruXluEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03PFF6nfuCRc0DO7kJCKOj4YB9ShGUkl9vWgb1TpMbNeDl4gJUp/C4m3p2vaRHIV8cGIdn5vFvm6YZXMG+JdYGTFAhmZf/7QHIY59EkjMkBA9y4ykkyAuKWZkWrBjQSKEx2hIeooGyCfCSWbfTOGRUgbQC7mqQMKZ+nMiQb4QE99VnemVYtFLxf+8Xiy9MyehQRRLEuD5Ii9mUIYwjQYOKCdYsokiCHOqboV4hDjCUgVYUCFYiy//Je1K2aqVazcVo1HN4siDA3AISsACp6ABrkATtAAGD+AJvIBX7VF71t6093lrTstm9sEvaB/f826Y7A==</latexit>

#4: False: S(N→1) = 0

<latexit sha1_base64="cr1pytnSSF739WZ1yvRhHaCcuz0=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNoIJXkhLDHok8eIRE0ESaMh2mcKmu22zuzXBhl/ixYPGePWnePPfuEAPCr5kkpf3ZjIzz084U9pxvq3CxubW9k5xt7S3f3BYto+OuypOJYUOjXksez5RwFkEHc00h14igQifw4Mf3sz9h0eQisXRvZ4m4AkyjljAKNFGGtplXK0N6ARoKIgML6pDu+LUnQXwOnFzUkE52kP7azCKaSog0pQTpfquk2gvI1IzymFWGqQKEkJDMoa+oRERoLxscfgMnxtlhINYmoo0Xqi/JzIilJoK33QKoidq1ZuL/3n9VAfXXsaiJNUQ0eWiIOVYx3ieAh4xCVTzqSGESmZuxXRCJKHaZFUyIbirL6+TbqPuNuvNu0aldZnHUUSn6AzVkIuuUAvdojbqIIpS9Ixe0Zv1ZL1Y79bHsrVg5TMn6A+szx/7vpH6</latexit>

(↭)

<latexit sha1_base64="W5LxW8Dk7GjLsrO6H8C/ra+GxEM=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXaDRMugjWUE84BkCXdnb5Ihs7PLzKwSQhobf8XGQhFb/8HOv3HyKDTxwMDhnHvvcE6QCK6N6347mZXVtfWN7GZua3tndy+/f1DXcaoY1lgsYtUMQKPgEmuGG4HNRCFEgcBGMLie+I17VJrH8s4ME/Qj6Ene5QyMlTr54yvscUkfFCSg4lSGFBQ3/QgNZ8VOvuAW3SnoMvHmpEDmqHbyX+0wZmmE0jABWrc8NzH+CJS9JnCca6caE2AD6GHLUgkRan80TTGmp1YJaTdW9klDp+rvjRFEWg+jwE5GYPp60ZuI/3mt1HQv/RGXSWpQstlH3VRQE9NJJTTkCpkRQ0uA2fScUdYHBczY4nK2BG8x8jKpl4peuVi+LRUq5/M6suSInJAz4pELUiE3pEpqhJFH8kxeyZvz5Lw4787HbDTjzHcOyR84nz9r9Zh+</latexit>

Begin wraparound arithmetic.

<latexit sha1_base64="JP61Nn/MkLDSaTytKG1lvrv4k5s="></latexit>

2: Demand lossless communication (permutations of library).
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<latexit sha1_base64="OOct0Lv1KdO1n2YEozdPmutD7GY=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7UaJYRWwsI5hESJYwO5lNhsxjmZkNLEsaf8XGQhFbP8POv3GSbKGJBy4czrmXe+8JY0a18bxvp7Cyura+UdwsbW3v7O65+wctLROFSRNLJtVjiDRhVJCmoYaRx1gRxENG2uHoduq3x0RpKsWDSWMScDQQNKIYGSv13KPza9glPB5mN1pLTK08piad9NyyV/FmgMvEz0kZ5Gj03K9uX+KEE2EwQ1p3fC82QYaUoZiRSambaBIjPEID0rFUIE50kM0emMBTq/RhJJUtYeBM/T2RIa51ykPbyZEZ6kVvKv7ndRITXQUZFXFiiMDzRVHCoJFwmgbsU0WwYaklCCtqb4V4iBTCxmZWsiH4iy8vk1a14tcqtftquX6Rx1EEx+AEnAEfXII6uAMN0AQYTMAzeAVvzpPz4rw7H/PWgpPPHII/cD5/AMW/loM=</latexit>

3: Associativity
<latexit sha1_base64="5Pp0JiUWVDAyHtsnAbWvW8k2gm0=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwFZIi1WXBjcsK9gFtKJPpTTp0Mgkzk0IJ3brxV9y4UMStf+DOv3HaZqGtBwYO59zL3HOClDOlXffbKm1sbm3vlHcre/sHh0f28UlbJZmk0KIJT2Q3IAo4E9DSTHPophJIHHDoBOPbud+ZgFQsEQ96moIfk0iwkFGijTSwMYtEIpmIMJMSOEyI0HjIwhAkCArKGdhV13EXwOvEK0gVFWgO7K/+MKFZDEJTTpTqeW6q/ZxIzSiHWaWfKUgJHZMIeoYKEoPy80WSGb4wyhCHiTTPHLJQf2/kJFZqGgdmMiZ6pFa9ufif18t0eOPnTKSZNrmWH4UZxzrB81pMZAlU86khhEpmbsV0RCSh2pRXMSV4q5HXSbvmeHWnfl+rNq6KOsroDJ2jS+Sha9RAd6iJWoiiR/SMXtGb9WS9WO/Wx3K0ZBU7p+gPrM8f5Kmaaw==</latexit>

ignoring irrelevant di!erences.
<latexit sha1_base64="/+Q8XcAyWMoO1uI09cvdxD6swNQ="></latexit>

We want to assemble composite objects A→ B , P→Q→ R , etc,
<latexit sha1_base64="MABG5TpIsObh3Ee2ky8LGlfBRho=">AAACE3icbVDLSgMxFM34rPVVdekmWARxUWaKVHFV0IXLCvYBbSmZ9LYNzWSG5E6hlP6DG3/FjQtF3Lpx59+YTmehrRcCJ+fcc5N7/EgKg6777aysrq1vbGa2sts7u3v7uYPDmgljzaHKQxnqhs8MSKGgigIlNCINLPAl1P3hzUyvj0AbEaoHHEfQDlhfiZ7gDC3VyZ3fQsBUl+KAIdVgvQYUJiIVhjJjQi7sdQTXnVzeLbhJ0WXgpSBP0qp0cl+tbsjjwA7k0k5qem6E7QnTKLiEabYVG4gYH7I+NC1ULADTniQ7TempZbq0F2p7FNKE/e2YsMCYceDbzoDhwCxqM/I/rRlj76o9ESqKERSfP9SLJcWQzgKiXaGBoxxbwLgW9q+UD5hmHG2MWRuCt7jyMqgVC16pULov5ssXaRwZckxOyBnxyCUpkztSIVXCySN5Jq/kzXlyXpx352PeuuKkniPyp5zPH096nmg=</latexit>

Demand that representation is associative:
<latexit sha1_base64="asoS6aGvzUFbfrKKOt2wqAubIeE=">AAACGHicbZDLSgMxFIYz9VbH26hLN8GO0G7qTJHqRii4cVnBXqAdSiZN22AmGZKMUIY+hhtfxY0LRdx259uYtiNo64GQn+8/h+T8Ycyo0p73ZeXW1jc2t/Lb9s7u3v6Bc3jUVCKRmDSwYEK2Q6QIo5w0NNWMtGNJUBQy0gofbmZ+65FIRQW/1+OYBBEacjqgGGmDes6569qoK2KWqGK4uCEuwWtYzCgMS/CH267bcwpe2ZsXXBV+Jgogq3rPmXb7AicR4RozpFTH92IdpEhqihmZ2N1EkRjhBzQkHSM5iogK0vliE3hmSB8OhDSHazinvydSFCk1jkLTGSE9UsveDP7ndRI9uApSyuNEE44XDw0SBrWAs5Rgn0qCNRsbgbCk5q8Qj5BEWJssbROCv7zyqmhWyn61XL2rFGoXWRx5cAJOQRH44BLUwC2ogwbA4Am8gDfwbj1br9aH9blozVnZzDH4U9b0GxzHnUc=</latexit>

a→ (b→ c) = (a→ b)→ c

<latexit sha1_base64="J6bRslvl0a8IIT7lvCsmI9IPyPA=">AAACG3icbVA9SwNBEN3z2/gVtbRZTASrcBckWgZsLCwimCgkIext5pLFvd1zdy4SQv6HjX/FxkIRK8HCf+MmXqHGBwOP92aYmRcmUlj0/U9vbn5hcWl5ZTW3tr6xuZXf3mlYnRoOda6lNtchsyCFgjoKlHCdGGBxKOEqvDmd+FcDMFZodYnDBNox6ykRCc7QSZ18+VxbK8FayqzVXDh5IHBIW7cp69Ji61yrnoQIjej1kRmj74qdfMEv+VPQWRJkpEAy1Dr591ZX8zQGhVy6Nc3AT7A9YgYFlzDOtVILCeM3rAdNRxWLwbZH09/G9MApXRpp40ohnao/J0YstnYYh64zZti3f72J+J/XTDE6aY+ESlIExb8XRamkqOkkKNoVBjjKoSOMG+FupbzPDOPo4sy5EIK/L8+SRrkUVEqVi3KhepTFsUL2yD45JAE5JlVyRmqkTji5J4/kmbx4D96T9+q9fbfOednMLvkF7+MLHzeiDQ==</latexit>

Lossless associativity →↑
<latexit sha1_base64="JuDPZ5sbk9UrufPyykG1gkmrxBo=">AAACAHicbVC7SgNBFL3rM8ZX1MLCZjAIVmE3SLSM2FhGMA9IljA7ezcZMvtgZjYQljT+io2FIrZ+hp1/4yTZQhMPDBzOuecO93iJ4Erb9re1tr6xubVd2Cnu7u0fHJaOjlsqTiXDJotFLDseVSh4hE3NtcBOIpGGnsC2N7qb+e0xSsXj6FFPEnRDOoh4wBnVRuqXTm99n2s+RiLRBBVGOnfKdsWeg6wSJydlyNHol756fszS0CxggirVdexEuxmVmjOB02IvVZhQNqID7Boa0RCVm80PmJILo/gkiKV5kSZz9Xcio6FSk9AzkyHVQ7XszcT/vG6qgxs341GSaozY4qMgFUTHZNYG8blEpsXEEMqkKYIRNqSSMm06K5oSnOWTV0mrWnFqldpDtVy/yusowBmcwyU4cA11uIcGNIHBFJ7hFd6sJ+vFerc+FqNrVp45gT+wPn8AOOaWyQ==</latexit>

Additive representation
<latexit sha1_base64="KwDLBWJcljzBbzT0EHK5A4bTC1w=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WWwFQShJkepFKHjxWMF+QBvKZrtpl242YXejlNif4sWDIl79Jd78N27bHLT1wcDjvRlm5vkxZ0o7zreVW1vf2NzKbxd2dvf2D+ziYUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vhm5rcfqFQsEvd6ElMvxEPBAkawNlLfLpZxL4p5opCPrhE+98t9u+RUnDnQKnEzUoIMjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGipwSJWXzk+folOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDKy9lIk40FWSxKEg40hGa5YAGTFKi+cQQTCQztyIywhITbdIqmBDc5ZdXSatacWuV2l21VL/I4sjDMZzAGbhwCXW4hQY0gcAjPMMrvFlP1ov1bn0sWnNWNnMEf2B9/gDv95J1</latexit>

a→ b = a+ b
<latexit sha1_base64="RCj97Q9LhiYX7r0mz5sfFC+CmFI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVaol7JbpHosePEkFeyHtEvJZrNtaJJdkqxQSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyScaeO6387a+sbm1nZuJ7+7t39wWDg6buk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG5mfvuJKs1i+WDGCfUFHkgWMYKNlR7LIg5R6a500S8U3Yo7B1olXkaKkKHRL3z1wpikgkpDONa667mJ8SdYGUY4neZ7qaYJJiM8oF1LJRZU+5P5wVN0bpUQRbGyJQ2aq78nJlhoPRaB7RTYDPWyNxP/87qpia79CZNJaqgki0VRypGJ0ex7FDJFieFjSzBRzN6KyBArTIzNKG9D8JZfXiWtasWrVWr31WL9MosjB6dwBmXw4ArqcAsNaAIBAc/wCm+Ocl6cd+dj0brmZDMn8AfO5w/Uuo8W</latexit>

(mod N)

<latexit sha1_base64="nrTY9HI+cdeQn44gNxNYS7o9fzg=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSUqp4KujBYwX7AW0om+22XbrZhN1JIYR68a948aCIV/+FN/+N2zYHbX0w8Hhvhpl5fiS4Bsf5tnJr6xubW/ntws7u3v6BfXjU1GGsKGvQUISq7RPNBJesARwEa0eKkcAXrOWPb2Z+a8KU5qF8gCRiXkCGkg84JWCknn1SucZdFkSj9NYsU9yPgU84JNOeXXRKzhx4lbgZKaIM9Z 791e2HNA6YBCqI1h3XicBLiQJOBZsWurFmEaFjMmQdQyUJmPbS+QdTfG6UPh6EypQEPFd/T6Qk0DoJfNMZEBjpZW8m/ud1YhhceSmXUQxM0sWiQSwwhHgWB+5zxSiIxBBCFTe3YjoiilAwoRVMCO7yy6ukWS651VL1vlysVbI48ugUnaEL5KJLVEN3qI4aiKJH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+8pZcR</latexit>

4: Distributivity
<latexit sha1_base64="ExtU585gXeLOjbNnwlOEbrWwhc8=">AAACKXicbVBNSwMxEM36WetX1aOXYBE8ld0i1WPBi8cK1gq1lGx22oYm2SWZVZbFv+PFv+JFQVGv/hGzdQ9+PQg83pvJzLwwkcKi7795c/MLi0vLlZXq6tr6xmZta/vCxqnh0OWxjM1lyCxIoaGLAiVcJgaYCiX0wulJ4feuwVgR63PMEhgoNtZiJDhDJw1r7R7QG6aRYkxDoMz1FZTHSqW6qHJaFAkU1wIzGmYUDdN2FBs1+8A2hrW63/BnoH9JUJI6KdEZ1p6uopinCjRyyaztB36Cg5wZFFzCbfUqtZAwPmVj6DuqmQI7yGeX3tJ9p0TUjXfPLT1Tv3fkTFmbqdBVugUn9rdXiP95/RRHx4Nc6CRF0Pxr0CiVRRZFbDQSBjjKzBHGjcuDUz5hhnF04VZdCMHvk/+Si2YjaDVaZ816+7CMo0J2yR45IAE5Im1ySjqkSzi5Iw/kmbx4996j9+q9f5XOeWXPDvkB7+MTA02nIA==</latexit>

We want to be able to communicate additivity by transformations.
<latexit sha1_base64="JKwpjzffILBNvglC/KeXFib1JEw="></latexit>

Demand that transformations are left-distributive, T (a+ b) = T (a)+T (b) .
<latexit sha1_base64="E2IJ9cTEu24JKGhhjeizBsoeAmQ="></latexit>

This gives multiplication, T (x) = rx (mod N), with r →= 0 .

<latexit sha1_base64="7YE87HmgZvsngjNGD/4CmwUHCss="></latexit>

Left-distributivity over addition →↑
<latexit sha1_base64="eQ51imsChzgLAyseAVw5sQiIVp4=">AAAB/nicbVDLSgMxFL3js9ZXVVy5CRbBVZkpUl0W3LhwUcE+oB1KJk3b0GRmSO4IZSj4K25cKOLW73Dn35i2I2jrgcDhnHu4NyeIpTDoul/Oyura+sZmbiu/vbO7t184OGyYKNGM11kkI90KqOFShLyOAiVvxZpTFUjeDEbXU7/5wLURUXiP45j7ig5C0ReMopW6heNbG6SaqESisAt/9KJbcmcgy8TLSBEy1LqFz04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzs6fkDOr9Eg/0vaFSGbq70RKlTFjFdhJRXFoFr2p+J/XTrB/5acijBPkIZsv6ieSYESmXZCe0JyhHFtCmRb2VsKGVFOGtrG8LcFb/PIyaZRLXqVUuSsXqxdZHTk4gVM4Bw8uoQo3UIM6MEjhCV7g1Xl0np03530+uuJkmSP4A+fjG5xqleE=</latexit>

Linear multiplication
<latexit sha1_base64="RCj97Q9LhiYX7r0mz5sfFC+CmFI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVaol7JbpHosePEkFeyHtEvJZrNtaJJdkqxQSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyScaeO6387a+sbm1nZuJ7+7t39wWDg6buk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG5mfvuJKs1i+WDGCfUFHkgWMYKNlR7LIg5R6a500S8U3Yo7B1olXkaKkKHRL3z1wpikgkpDONa667mJ8SdYGUY4neZ7qaYJJiM8oF1LJRZU+5P5wVN0bpUQRbGyJQ2aq78nJlhoPRaB7RTYDPWyNxP/87qpia79CZNJaqgki0VRypGJ0ex7FDJFieFjSzBRzN6KyBArTIzNKG9D8JZfXiWtasWrVWr31WL9MosjB6dwBmXw4ArqcAsNaAIBAc/wCm+Ocl6cd+dj0brmZDMn8AfO5w/Uuo8W</latexit>

(mod N)
<latexit sha1_base64="px9oFjIOP8pWjBTtbJQRuVQ+ht0=">AAAB+nicbVBNTwIxEJ3FL8SvRY9eGsHEE9klBr2YkHjxiImACWxIt3Shodtu2q6GID/FiweN8eov8ea/scAeFHzJJC/vzWRmXphwpo3nfTu5tfWNza38dmFnd2//wC0etrRMFaFNIrlU9yHWlDNBm4YZTu8TRXEcctoOR9czv/1AlWZS3JlxQoMYDwSLGMHGSj23WMZdaVhMNQrRFcJhueeWvIo3B1olfkZKkKHRc7+6fUnSmApDONa643uJCSZYGUY4nRa6qaYJJiM8oB1LBbbLgsn89Ck6tUofRVLZEgbN1d8TExxrPY5D2xljM9TL3kz8z+ukJroMJkwkqaGCLBZFKUdGolkOqM8UJYaPLcFEMXsrIkOsMDE2rYINwV9+eZW0qhW/VqndVkv18yyOPBzDCZyBDxdQhxtoQBMIPMIzvMKb8+S8OO/Ox6I152QzR/AHzucPPnWSqA==</latexit>

a→ b = ab

<latexit sha1_base64="dZFJTUo1Wt0RhF8G6QlcXKdgTfQ=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYoqRChbESC2MR9CG1UeW4N61Vx4lsB6mKOrDwKywMIMTKR7DxNzhtBmg5kqXjc+6RfU+QcKa0635ba+sbm1vbpZ3y7t7+waF9dNxWcSoptGjMY9kNiALOBLQ00xy6iQQSBRw6weQ69zsPIBWLxb2eJuBHZCRYyCjRRhrYlbs00JLQ/IaZwnoMmIk8Ac7ArrqOOwdeJV5BqqhAc2B/9YcxTSMQmnKiVM9zE+1nRGpGOczK/VRBQuiEjKBnqCARKD+bLzHDZ0YZ4jCW5giN5+rvREYipaZRYCYjosdq2cvF/7xeqsMrP2MiSTUIungoTDnWMc4bwUMmgWo+NYRQycxfMR2TvBPTQtmU4C2vvEraNcerO/XbWrVxUdRRQhV0is6Rhy5RA92gJmohih7RM3pFb9aT9WK9Wx+L0TWryJygP7A+fwBrJZfp</latexit>

Subtraction is the inverse.
<latexit sha1_base64="rmJZV3kud0mxSWlRrCOKdspyvaQ=">AAACD3icbVC7TsMwFHXKq5RXgJHFogWVgSgpUFiQKrEwFok+pDaqHMdprTpxZDtIVdU/YOFXWBhAiJWVjb/BaTNAy5EsHZ9zr+69x4sZlcq2v43c0vLK6lp+vbCxubW9Y+7uNSVPBCYNzBkXbQ9JwmhEGooqRtqxICj0GGl5w5vUbz0QISmP7tUoJm6I+hENKEZKSz3zuFTphkgNuPBPL+A1dOwpSrAccj/7nZ1YPbNoWzMLLhInI0WQod4zv7o+x0lIIoUZkrLj2LFyx0goihmZFLqJJDHCQ9QnHU0jFBLpjqf3TOCRVnwYcKFfpOBU/d0xRqGUo9DTlenuct5Lxf+8TqKCK3dMozhRJMKzQUHCoOIwDQf6VBCs2EgThAXVu0I8QAJhpSMs6BCc+ZMXSbNiOVWrelcp1s6zOPLgAByCMnDAJaiBW1AHDYDBI3gGr+DNeDJejHfjY1aaM7KeffAHxucP1DmXag==</latexit>

2→5 = 1000000 (mod 1000003).

<latexit sha1_base64="cDbOdjktHwuw7Pm03YVMOpuNJmU=">AAACEXicbVDLSsNAFJ3UV62vqEs3g61QNyFppepCKLhxWcE+oCllMpm0QyeZMDMplNBfcOOvuHGhiFt37vwbJ20X2npg4Mw593LvPV7MqFS2/W3k1tY3Nrfy24Wd3b39A/PwqCV5IjBpYs646HhIEkYj0lRUMdKJBUGhx0jbG91mfntMhKQ8elCTmPRCNIhoQDFSWuqb5ZLjhkgNufBdn46r8AbWMlyXYDnkPnTsDNVzq28WbWv2seEqcRakCBZo9M0v1+c4CUmkMENSdh07Vr0UCUUxI9OCm0gSIzxCA9LVNEIhkb10dtEUnmnFhwEX+kUKztTfHSkKpZyEnq7MtpfLXib+53UTFVz1UhrFiSIRng8KEgYVh1k80KeCYMUmmiAsqN4V4iESCCsdYkGH4CyfvEpaFcupWbX7SrF+sYgjD07AKSgDB1yCOrgDDdAEGDyCZ/AK3own48V4Nz7mpTlj0XMM/sD4/AFojpjj</latexit>

1÷3 = 666669 (mod 1000003).
<latexit sha1_base64="ohFq/MRgWU+Vy2OU5oAchhM8lD8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXIWkSHVZ0IXLCvYBbSiT6U07dDIJM5NCKXXjr7hxoYhb/8Kdf+OkzUJbDwwczjmXO/cECWdKu+63VVhb39jcKm6Xdnb39g/sw6OmilNJoUFjHst2QBRwJqChmebQTiSQKODQCkY3md8ag1QsFg96koAfkYFgIaNEG6lnn9yyMctczBTWQ8BMZHFwenbZddw58CrxclJGOeo9+6vbj2kagdCUE6U6nptof0qkZpTDrNRNFSSEjsgAOoYKEoHyp/MLZvjcKH0cxtI8ofFc/T0xJZFSkygwyYjooVr2MvE/r5Pq8NqfMpGkGgRdLApTjnWMszpwn0mgmk8MIVQy81dMh0QSqk0LJVOCt3zyKmlWHK/qVO8r5dplXkcRnaIzdIE8dIVq6A7VUQNR9Iie0St6s56sF+vd+lhEC1Y+c4z+wPr8Aei4loI=</latexit>

Division is the inverse.

<latexit sha1_base64="Fs8Of94ZeHMD8GqTmEPe7biCQS4=">AAAB/nicbVBNSwMxFMzWr1q/VsWTl2ARPJXdolU8Fbx4kgq2FdpSsunbNjSbLElWKUvBv+LFgyJe/R3e/Dem7R60dSAwzMzjvUwQc6aN5307uaXlldW1/HphY3Nre8fd3WtomSgKdSq5VPcB0cCZgLphhsN9rIBEAYdmMLya+M0HUJpJcWdGMXQi0hcsZJQYK3Xdg7NL3IYoHqQ3EkubDLl8HHfdolfypsCLxM9IEWWodd2vdk/SJAJhKCdat3wvNp2UKMMoh3GhnWiICR2SPrQsFSQC3Umn54/xsVV6OJTKPmHwVP09kZJI61EU2GREzEDPexPxP6+VmPCikzIRJwYEnS0KE46NxJMucI8poIaPLCFUMXsrpgOiCDW2sYItwZ//8iJplEt+pVS5LRerp1kdeXSIjtAJ8tE5qqJrVEN1RFGKntErenOenBfn3fmYRXNONrOP/sD5/AG/IZVW</latexit>

5: No overflow

<latexit sha1_base64="FzVG8bdqn8k8jZQopHtNCyD/IZU="></latexit>

To implement subtraction fully, invent negative numbers: 2→5 = →3.

<latexit sha1_base64="Kj7CPl4B3oMHNNuzxVniarnG7sE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DevAYwcRAsoTZ2dlkzDyWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHJmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirThLaI4kp3ImwoZ5K2LLOcdlJNsYg4fYhG1zP/4Ylqw5S8t+OUhgIPJEsYwdZJ7RsqsIz75Ypf9edAqyTISQVyNPvlr16sSCaotIRjY7qBn9pwgrVlhNNpqZcZmmIywgPadVRiQU04mV87RWdOiVGitCtp0Vz9PTHBwpixiFynwHZolr2Z+J/XzWxyFU6YTDNLJVksSjKOrEKz11HMNCWWjx3BRDN3KyJDrDGxLqCSCyFYfnmVtGvVoF6t39UqjYs8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWPcjvo=</latexit>

Demand
<latexit sha1_base64="0Zf5Lro5o4bEq8UzgxJ8Tk8IKzE=">AAACC3icbVC7SgNBFJ2NrxhfUUubIYlgFXaDRAuLgI2VRDAPSEKYndxNhsw+mLkrxiW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceN5JCo21/W6mV1bX1jfRmZmt7Z3cvu39Q12GsONR4KEPVdJkGKQKooUAJzUgB810JDXd4OfEbd6C0CINbHEXQ8Vk/EJ7gDI3UzeYKbYR7VH6ixQPQ0KMsMntn9phe0OtCN5u3i/YUdJk4c5Inc1S72a92L+SxDwFyybRuOXaEnYQpFFzCONOONUSMD1kfWoYGzAfdSaa/jOmxUXrUC5WpAOlU/T2RMF/rke+aTp/hQC96E/E/rxWjd95JRBDFCAGfLfJiSTGkk2BoTyjgKEeGMK6EuZXyAVOMo4kvY0JwFl9eJvVS0SkXyzelfOV0HkeaHJEcOSEOOSMVckWqpEY4eSTP5JW8WU/Wi/VufcxaU9Z85pD8gfX5Ax+Xmmg=</latexit>

size of application < N
<latexit sha1_base64="XFB8AU4VJXuqzBSLdbcdzXDjw0g=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AruCozRarLghtXUsE+oB3KnUymDc1khiRTKKVu/BU3LhRx61+4829M21lo64ELh3PuTe49fsKZ0o7zbeXW1jc2t/LbhZ3dvf0D+/CoqeJUEtogMY9l2wdFORO0oZnmtJ1ICpHPacsf3sz81ohKxWLxoMcJ9SLoCxYyAtpIPfsERIBhFLMAB1QDM+/0cemuVO7ZRafszIFXiZuRIspQ79lf3SAmaUSFJhyU6rhOor0JSM0Ip9NCN1U0ATKEPu0YKiCiypvML5jic6MEOIylKaHxXP09MYFIqXHkm84I9EAtezPxP6+T6vDamzCRpJoKsvgoTDnWMZ7FgQMmKdF8bAgQycyumAxAAtEmtIIJwV0+eZU0K2W3Wq7eV4q1yyyOPDpFZ+gCuegK1dAtqqMGIugRPaNX9GY9WS/Wu/WxaM1Z2cwx+gPr8weo5ZWx</latexit>

and avoid detailing N .

<latexit sha1_base64="JhHNyVMDJa/pyXvEhQt8Keoa8aQ="></latexit>

To implement division fully,
<latexit sha1_base64="BNdfQ2MJ5cNKm2eRHC6mrCxQSDM=">AAACIXicbVDLSsNAFJ34rPVVdelmsBVclaSVWgSh4MZlBfuAJpTJZNIOnUzCzKRQQn7Fjb/ixoUi3Yk/4zTNQlsvDJw551zuvceNGJXKNL+Mjc2t7Z3dwl5x/+Dw6Lh0ctqVYSww6eCQhaLvIkkY5aSjqGKkHwmCApeRnju5X+i9KRGShvxJzSLiBGjEqU8xUpoalpqUTwlXUGR/xCCPA1f7b2HFsgOkxqHwbI9O6/AO2r5AOLHSpJ5WqsNS2ayaWcF1YOWgDPJqD0tz2wtxHOhpmCEpB5YZKSdBQlHMSFq0Y0kihCdoRAYachQQ6STZhSm81IwH/VDop7fN2N8dCQqknAWudi6WlqvagvxPG8TKbzoJ5VGsCMfLQX7MoArhIi7oUUGwYjMNEBZU7wrxGOkclA6pqEOwVk9eB91a1WpUG4+1cus6j6MAzsEFuAIWuAEt8ADaoAMweAav4B18GC/Gm/FpzJfWDSPvOQN/yvj+AU8Louc=</latexit>

invent rational numbers: 1÷3 = 1
3 .

<latexit sha1_base64="zYBw6/TNyHdZ/KXgUWUytgE/31c=">AAACA3icbVDLSgMxFM3UV62vqjvdBIvgqswUqS4L3bisYB/QlpJJb9vQZGZI7hTKUHDjr7hxoYhbf8Kdf2PazkJbDwROzrmH5B4/ksKg6347mY3Nre2d7G5ub//g8Ch/fNIwYaw51HkoQ93ymQEpAqijQAmtSANTvoSmP67O/eYEtBFh8IDTCLqKDQMxEJyhlXr5s2qoVIz2NhE4pcJQUKCHEGCxly+4RXcBuk68lBRIilov/9XphzxWNswlM6btuRF2E6ZRcAmzXCc2EDE+ZkNoWxowBaabLHaY0Uur9Okg1PYESBfq70TClDFT5dtJxXBkVr25+J/XjnFw201EEMUIAV8+NIglxZDOC6F9oYGjnFrCuBb2r5SPmGYcbW05W4K3uvI6aZSKXrlYvi8VKtdpHVlyTi7IFfHIDamQO1IjdcLJI3kmr+TNeXJenHfnYzmacdLMKfkD5/MHH/uXyg==</latexit>

Commutativity is emergent.

<latexit sha1_base64="WpanK3yXhY14x3jYC/Vbxi8cY20=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoPgxbAbQvQY8OIxinlAEsLsbCcZMju7zPQGQsiPePFXvHhQxIMX8W+cPARNbBgoqrq6p8uPpTDoul9Oam19Y3MrvZ3Z2d3bP8geHtVMlGgOVR7JSDd8ZkAKBVUUKKERa2ChL6HuD66nen0I2ohI3eMohnbIekp0BWdoqU62eCd6fbwI7CYt/ATFUOCIMhVQZkzEBfthNFAIQfdAYb6Tzbl5d1Z0FXgLkCOLqnSyH60g4klozVzawU3PjbE9ZhoFlzDJtBIDMeMD1oOmhYqFYNrj2XUTemaZgHYjbZ9COmN/O8YsNGYU+rYzZNg3y9qU/E9rJti9ao+FihMExeeLuomkGNFpVDQQGjjKkQWMa2H/SnmfacbRBpqxIXjLJ6+CWiHvlfKl20KuXFzEkSYn5JScE49ckjK5IRVSJZw8kCfyQl6dR+fZeXPe560pZ+E5Jn/K+fwGvDyi5A==</latexit>

Right-distributivity and associativity are emergent.

<latexit sha1_base64="CFwZ6cBy7i5SzEVaEAum/E9dXl4=">AAACFXicbVDLSgMxFM34rPVVdekmWIUKpcwUqS5UCm5cKlhbqKVkMrdtaCYZkjtCKf0JN/6KGxeKuBXc+TemtQtfBwKHc+7h5p4wkcKi7394M7Nz8wuLmaXs8srq2npuY/Pa6tRwqHEttWmEzIIUCmooUEIjMcDiUEI97J+N/fotGCu0usJBAq2YdZXoCM7QSe1c8UwrFCoVOKBMRVSbCAwt7B4XT4qnu/uUGaAQg+mCwlI7l/dL/gT0LwmmJE+muGjn3m8izdPYhblk1jYDP8HWkBkUXMIoe5NaSBjvsy40HVUsBtsaTq4a0T2nRLSjjXsK6UT9nhiy2NpBHLrJmGHP/vbG4n9eM8XOUWsoVJIiKP61qJNKipqOK6KRMMBRDhxh3Aj3V8p7zDCOrsisKyH4ffJfcl0uBZVS5bKcrx5M68iQbbJDCiQgh6RKzskFqRFO7sgDeSLP3r336L14r1+jM940s0V+wHv7BDMfnOg=</latexit>

Continuity and order (<,=, >) are emergent.

<latexit sha1_base64="LVzmxgKNv7BoU8FcKyd874MtoCM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfMwYa9vcvungm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGLVDahGwSW2DTcCu4lCGgUCH4PJzdx/fEKleSwfzDRBP6IjyUPOqLHSfbVeHZQrbs1dgKwTLycVyNEalL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKp17xGrXFXrzTdPI4inME5XIIHV9CEW2hBGxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAxHI0J</latexit>

2
<latexit sha1_base64="31FGwxxduN/8tMYJOgPifFO3yd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskokcSLx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ/mq3C+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq9Tuq6W6m8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx81q40M</latexit>

5

<latexit sha1_base64="wFrAUOSmcIspj7un0BozbrScYC0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfMwYa9vcvungm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGLVDahGwSW2DTcCu4lCGgUCH4PJzdx/fEKleSwfzDRBP6IjyUPOqLHSfbVRHZQrbs1dgKwTLycVyNEalL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKp17xGrXFXrzTdPI4inME5XIIHV9CEW2hBGxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gA3MI0N</latexit>

6

<latexit sha1_base64="XIg73FOoLfjerpSoICKkeomnmik=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMbub+4xPXRsTqAacJ9yM6UiIUjKKV7qtudVCuuDV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUa16j1rirV5puHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAuEo0H</latexit>

0
<latexit sha1_base64="oVY0jbyphAGibX31VbkMzOJxUvY=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMbub+4xPXRsTqAacJ9yM6UiIUjKKV7qtedVCuuDV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUa16j1rirV5puHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAvl40I</latexit>

1

<latexit sha1_base64="eZR3bIf+1vvSLbq9deruZLALdYE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEoEcSLx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ/mq3C+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq9Tuq6W6m8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx80Jo0L</latexit>

4
<latexit sha1_base64="on0oGPBeKgX3FQtLIfmQYjY43XY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYoEcSLx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ/mq3C+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq9Tuq6W6m8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx8yoY0K</latexit>

3

<latexit sha1_base64="ol/gkC/d9N92fq2+KYJJinEJpso=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYGHJHgZYkNpYY5SOBC9lbFtiwt3fZnTMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMC2IpDLrut5Pb2Nza3snvFvb2Dw6PiscnLRMlmvEmi2SkOwE1XArFmyhQ8k6sOQ0DydvB5Hbut5+4NiJSjziNuR/SkRJDwSha6aFMy/1iya24C5B14mWkBBka/eJXbxCxJOQKmaTGdD03Rj+lGgWTfFboJYbHlE3oiHctVTTkxk8Xp87IhVUGZBhpWwrJQv09kdLQmGkY2M6Q4tisenPxP6+b4PDGT4WKE+SKLRcNE0kwIvO/yUBozlBOLaFMC3srYWOqKUObTsGG4K2+vE5a1YpXq9Tuq6X6VRZHHs7gHC7Bg2uowx00oAkMRvAMr/DmSOfFeXc+lq05J5s5hT9wPn8Ad1ONNA==</latexit>a
<latexit sha1_base64="xa9ZBV/6FyYgoZgNTvD//K3Y5vM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYGHJHgZYkNpYY5SOBC9lbFtiwt3fZnTMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMC2IpDLrut5Pb2Nza3snvFvb2Dw6PiscnLRMlmvEmi2SkOwE1XArFmyhQ8k6sOQ0DydvB5Hbut5+4NiJSjziNuR/SkRJDwSha6aEclPvFkltxFyDrxMtICTI0+sWv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8uTp2RC6sMyDDSthSShfp7IqWhMdMwsJ0hxbFZ9ebif143weGNnwoVJ8gVWy4aJpJgROZ/k4HQnKGcWkKZFvZWwsZUU4Y2nYINwVt9eZ20qhWvVqndV0v1qyyOPJzBOVyCB9dQhztoQBMYjOAZXuHNkc6L8+58LFtzTjZzCn/gfP4AeNiNNQ==</latexit>

b

<latexit sha1_base64="LVzmxgKNv7BoU8FcKyd874MtoCM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfMwYa9vcvungm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGLVDahGwSW2DTcCu4lCGgUCH4PJzdx/fEKleSwfzDRBP6IjyUPOqLHSfbVeHZQrbs1dgKwTLycVyNEalL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKp17xGrXFXrzTdPI4inME5XIIHV9CEW2hBGxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAxHI0J</latexit>

2
<latexit sha1_base64="31FGwxxduN/8tMYJOgPifFO3yd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskokcSLx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ/mq3C+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq9Tuq6W6m8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx81q40M</latexit>

5

<latexit sha1_base64="wFrAUOSmcIspj7un0BozbrScYC0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfMwYa9vcvungm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGLVDahGwSW2DTcCu4lCGgUCH4PJzdx/fEKleSwfzDRBP6IjyUPOqLHSfbVRHZQrbs1dgKwTLycVyNEalL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKp17xGrXFXrzTdPI4inME5XIIHV9CEW2hBGxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gA3MI0N</latexit>

6

<latexit sha1_base64="XIg73FOoLfjerpSoICKkeomnmik=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMbub+4xPXRsTqAacJ9yM6UiIUjKKV7qtudVCuuDV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUa16j1rirV5puHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAuEo0H</latexit>

0
<latexit sha1_base64="oVY0jbyphAGibX31VbkMzOJxUvY=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMbub+4xPXRsTqAacJ9yM6UiIUjKKV7qtedVCuuDV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUa16j1rirV5puHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAvl40I</latexit>

1

<latexit sha1_base64="eZR3bIf+1vvSLbq9deruZLALdYE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEoEcSLx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ/mq3C+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq9Tuq6W6m8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx80Jo0L</latexit>

4
<latexit sha1_base64="on0oGPBeKgX3FQtLIfmQYjY43XY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYoEcSLx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ/mq3C+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq9Tuq6W6m8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx8yoY0K</latexit>

3

<latexit sha1_base64="RfCONqSojCrG9DcRmBYjcQf+Z18=">AAAB9HicbVDLSsNAFL2pr1pfVZduBlvBhZSki+pGKLhxWcE+oA1lMpm0QyeTODMplNDvcONCEbd+jDv/xkmbhbYeGDiccy/3zPFizpS27W+rsLG5tb1T3C3t7R8cHpWPTzoqSiShbRLxSPY8rChngrY105z2Yklx6HHa9SZ3md+dUqlYJB71LKZuiEeCBYxgbSS3Kgch1uNI+rf16rBcsWv2AmidODmpQI7WsPw18COShFRowrFSfceOtZtiqRnhdF4aJIrGmEzwiPYNFTikyk0Xoefowig+CiJpntBoof7eSHGo1Cz0zGQWUa16mfif1090cOOmTMSJpoIsDwUJRzpCWQPIZ5ISzWeGYCKZyYrIGEtMtOmpZEpwVr+8Tjr1mtOoNR7qleZVXkcRzuAcLsGBa2jCPbSgDQSe4Ble4c2aWi/Wu/WxHC1Y+c4p/IH1+QPEm5Fj</latexit>

r=2
<latexit sha1_base64="LVzmxgKNv7BoU8FcKyd874MtoCM=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfMwYa9vcvungm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGLVDahGwSW2DTcCu4lCGgUCH4PJzdx/fEKleSwfzDRBP6IjyUPOqLHSfbVeHZQrbs1dgKwTLycVyNEalL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKp17xGrXFXrzTdPI4inME5XIIHV9CEW2hBGxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAxHI0J</latexit>

2
<latexit sha1_base64="31FGwxxduN/8tMYJOgPifFO3yd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskokcSLx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ/mq3C+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1YpXq9Tuq6W6m8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx81q40M</latexit>

5

<latexit sha1_base64="wFrAUOSmcIspj7un0BozbrScYC0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfMwYa9vcvungm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGLVDahGwSW2DTcCu4lCGgUCH4PJzdx/fEKleSwfzDRBP6IjyUPOqLHSfbVRHZQrbs1dgKwTLycVyNEalL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKp17xGrXFXrzTdPI4inME5XIIHV9CEW2hBGxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gA3MI0N</latexit>

6

<latexit sha1_base64="XIg73FOoLfjerpSoICKkeomnmik=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMbub+4xPXRsTqAacJ9yM6UiIUjKKV7qtudVCuuDV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUa16j1rirV5puHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAuEo0H</latexit>

0
<latexit sha1_base64="oVY0jbyphAGibX31VbkMzOJxUvY=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMbub+4xPXRsTqAacJ9yM6UiIUjKKV7qtedVCuuDV3AbJOvJxUIEdrUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOunUa16j1rirV5puHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAvl40I</latexit>

1

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>→

<latexit sha1_base64="kTE8nVv9crMVPyiYCz8F9gaaTAY=">AAAB9XicbVBNTwIxEO36ifiFevTSCCaeyC4a9EjixSMm8pHASrqlCw3ddtPOSsiG/+HFg8Z49b94899YYA8KvmSSl/dmMjMviAU34Lrfztr6xubWdm4nv7u3f3BYODpuGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsHodua3npg2XMkHmMTMj8hA8pBTAlZ6LF11BQuBaK3Gl6VeoeiW3TnwKvEyUkQZ6r3CV7evaBIxCVQQYzqeG4OfEg2cCjbNdxPDYkJHZMA6lkoSMeOn86un+NwqfRwqbUsCnqu/J1ISGTOJAtsZERiaZW8m/ud1Eghv/JTLOAEm6WJRmAgMCs8iwH2uGQUxsYRQze2tmA6JJhRsUHkbgrf88ippVspetVy9rxRrbhZHDp2iM3SBPHSNaugO1VEDUaTRM3pFb87YeXHenY9F65qTzZygP3A+fwCSq5He</latexit>

4 → 3

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>

→

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit> →
<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>→

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>

→

<latexit sha1_base64="R7JCp4BGpqst8cdpyhUisPuhVp0=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sIJhFyR9jbzCVL9vaO3T0lHPkbNhaK2Ppn7Pw3bj4KTXww8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUjUQ0g1Ci6xbbgR+JAqpHEosBuOb2Z+9xGV5om8N5MUg5gOJY84o8ZKftUXGBmqVPJU7Zcrbs2dg6wTb0kqsESrX/7yBwnLYpSGCap1z3NTE+RUGc4ETkt+pjGlbEyH2LNU0hh1kM9vnpILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vF5mousg5zLNDEq2WBRlgpiEzAIgA66QGTGxhDLF7a2EjaiizNiYSjYEb/XlddKp17xGrXFXrzTdZRxFOINzuAQPrqAJt9CCNjBI4Rle4c3JnBfn3flYtBac5cwp/IHz+QOlbZFj</latexit>

→

<latexit sha1_base64="M5EMuRHpdDfdm3MI1ZI/dw6l744=">AAAB9HicbVDLSsNAFL2pr1pfVZduBlvBhZSki+pGKLhxWcE+oA1lMpm0QyeZODMplNDvcONCEbd+jDv/xkmbhbYeGDiccy/3zPFizpS27W+rsLG5tb1T3C3t7R8cHpWPTzpKJJLQNhFcyJ6HFeUsom3NNKe9WFIcepx2vcld5nenVComokc9i6kb4lHEAkawNpJblYMQ67GQ/q1THZYrds1eAK0TJycVyNEalr8GviBJSCNNOFaq79ixdlMsNSOczkuDRNEYkwke0b6hEQ6pctNF6Dm6MIqPAiHNizRaqL83UhwqNQs9M5lFVKteJv7n9RMd3Lgpi+JE04gsDwUJR1qgrAHkM0mJ5jNDMJHMZEVkjCUm2vRUMiU4q19eJ516zWnUGg/1SvMqr6MIZ3AOl+DANTThHlrQBgJP8Ayv8GZNrRfr3fpYjhasfOcU/sD6/AHDFpFi</latexit>

r=1

<latexit sha1_base64="z03ThPTHYkm1qtxwqiE00aGbsRA="></latexit>

Now have real line: proceed to standard mathematics, ω, exp, log, cos, sin, etc.



4

<latexit sha1_base64="J6bRslvl0a8IIT7lvCsmI9IPyPA=">AAACG3icbVA9SwNBEN3z2/gVtbRZTASrcBckWgZsLCwimCgkIext5pLFvd1zdy4SQv6HjX/FxkIRK8HCf+MmXqHGBwOP92aYmRcmUlj0/U9vbn5hcWl5ZTW3tr6xuZXf3mlYnRoOda6lNtchsyCFgjoKlHCdGGBxKOEqvDmd+FcDMFZodYnDBNox6ykRCc7QSZ18+VxbK8FayqzVXDh5IHBIW7cp69Ji61yrnoQIjej1kRmj74qdfMEv+VPQWRJkpEAy1Dr591ZX8zQGhVy6Nc3AT7A9YgYFlzDOtVILCeM3rAdNRxWLwbZH09/G9MApXRpp40ohnao/J0YstnYYh64zZti3f72J+J/XTDE6aY+ESlIExb8XRamkqOkkKNoVBjjKoSOMG+FupbzPDOPo4sy5EIK/L8+SRrkUVEqVi3KhepTFsUL2yD45JAE5JlVyRmqkTji5J4/kmbx4D96T9+q9fbfOednMLvkF7+MLHzeiDQ==</latexit>

Lossless associativity →↑
<latexit sha1_base64="JuDPZ5sbk9UrufPyykG1gkmrxBo=">AAACAHicbVC7SgNBFL3rM8ZX1MLCZjAIVmE3SLSM2FhGMA9IljA7ezcZMvtgZjYQljT+io2FIrZ+hp1/4yTZQhMPDBzOuecO93iJ4Erb9re1tr6xubVd2Cnu7u0fHJaOjlsqTiXDJotFLDseVSh4hE3NtcBOIpGGnsC2N7qb+e0xSsXj6FFPEnRDOoh4wBnVRuqXTm99n2s+RiLRBBVGOnfKdsWeg6wSJydlyNHol756fszS0CxggirVdexEuxmVmjOB02IvVZhQNqID7Boa0RCVm80PmJILo/gkiKV5kSZz9Xcio6FSk9AzkyHVQ7XszcT/vG6qgxs341GSaozY4qMgFUTHZNYG8blEpsXEEMqkKYIRNqSSMm06K5oSnOWTV0mrWnFqldpDtVy/yusowBmcwyU4cA11uIcGNIHBFJ7hFd6sJ+vFerc+FqNrVp45gT+wPn8AOOaWyQ==</latexit>

Additive representation
<latexit sha1_base64="KwDLBWJcljzBbzT0EHK5A4bTC1w=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WWwFQShJkepFKHjxWMF+QBvKZrtpl242YXejlNif4sWDIl79Jd78N27bHLT1wcDjvRlm5vkxZ0o7zreVW1vf2NzKbxd2dvf2D+ziYUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vhm5rcfqFQsEvd6ElMvxEPBAkawNlLfLpZxL4p5opCPrhE+98t9u+RUnDnQKnEzUoIMjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGipwSJWXzk+folOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDKy9lIk40FWSxKEg40hGa5YAGTFKi+cQQTCQztyIywhITbdIqmBDc5ZdXSatacWuV2l21VL/I4sjDMZzAGbhwCXW4hQY0gcAjPMMrvFlP1ov1bn0sWnNWNnMEf2B9/gDv95J1</latexit>

a→ b = a+ b
<latexit sha1_base64="RCj97Q9LhiYX7r0mz5sfFC+CmFI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVaol7JbpHosePEkFeyHtEvJZrNtaJJdkqxQSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyScaeO6387a+sbm1nZuJ7+7t39wWDg6buk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG5mfvuJKs1i+WDGCfUFHkgWMYKNlR7LIg5R6a500S8U3Yo7B1olXkaKkKHRL3z1wpikgkpDONa667mJ8SdYGUY4neZ7qaYJJiM8oF1LJRZU+5P5wVN0bpUQRbGyJQ2aq78nJlhoPRaB7RTYDPWyNxP/87qpia79CZNJaqgki0VRypGJ0ex7FDJFieFjSzBRzN6KyBArTIzNKG9D8JZfXiWtasWrVWr31WL9MosjB6dwBmXw4ArqcAsNaAIBAc/wCm+Ocl6cd+dj0brmZDMn8AfO5w/Uuo8W</latexit>

(mod N)

<latexit sha1_base64="ybcqKl5rySbquV1ZtvYc2POVeDg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexGieIp4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHi5uesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8wvnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMnub9LlCZsTYEsoUt7cSNqSKMmPDKdgQvOWXV0mzUvaq5ep9pVS7zOLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx/5YIz2</latexit>

3:

<latexit sha1_base64="7YE87HmgZvsngjNGD/4CmwUHCss="></latexit>

Left-distributivity over addition →↑
<latexit sha1_base64="eQ51imsChzgLAyseAVw5sQiIVp4=">AAAB/nicbVDLSgMxFL3js9ZXVVy5CRbBVZkpUl0W3LhwUcE+oB1KJk3b0GRmSO4IZSj4K25cKOLW73Dn35i2I2jrgcDhnHu4NyeIpTDoul/Oyura+sZmbiu/vbO7t184OGyYKNGM11kkI90KqOFShLyOAiVvxZpTFUjeDEbXU7/5wLURUXiP45j7ig5C0ReMopW6heNbG6SaqESisAt/9KJbcmcgy8TLSBEy1LqFz04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzs6fkDOr9Eg/0vaFSGbq70RKlTFjFdhJRXFoFr2p+J/XTrB/5acijBPkIZsv6ieSYESmXZCe0JyhHFtCmRb2VsKGVFOGtrG8LcFb/PIyaZRLXqVUuSsXqxdZHTk4gVM4Bw8uoQo3UIM6MEjhCV7g1Xl0np03530+uuJkmSP4A+fjG5xqleE=</latexit>

Linear multiplication
<latexit sha1_base64="RCj97Q9LhiYX7r0mz5sfFC+CmFI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVaol7JbpHosePEkFeyHtEvJZrNtaJJdkqxQSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyScaeO6387a+sbm1nZuJ7+7t39wWDg6buk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjG5mfvuJKs1i+WDGCfUFHkgWMYKNlR7LIg5R6a500S8U3Yo7B1olXkaKkKHRL3z1wpikgkpDONa667mJ8SdYGUY4neZ7qaYJJiM8oF1LJRZU+5P5wVN0bpUQRbGyJQ2aq78nJlhoPRaB7RTYDPWyNxP/87qpia79CZNJaqgki0VRypGJ0ex7FDJFieFjSzBRzN6KyBArTIzNKG9D8JZfXiWtasWrVWr31WL9MosjB6dwBmXw4ArqcAsNaAIBAc/wCm+Ocl6cd+dj0brmZDMn8AfO5w/Uuo8W</latexit>

(mod N)
<latexit sha1_base64="px9oFjIOP8pWjBTtbJQRuVQ+ht0=">AAAB+nicbVBNTwIxEJ3FL8SvRY9eGsHEE9klBr2YkHjxiImACWxIt3Shodtu2q6GID/FiweN8eov8ea/scAeFHzJJC/vzWRmXphwpo3nfTu5tfWNza38dmFnd2//wC0etrRMFaFNIrlU9yHWlDNBm4YZTu8TRXEcctoOR9czv/1AlWZS3JlxQoMYDwSLGMHGSj23WMZdaVhMNQrRFcJhueeWvIo3B1olfkZKkKHRc7+6fUnSmApDONa643uJCSZYGUY4nRa6qaYJJiM8oB1LBbbLgsn89Ck6tUofRVLZEgbN1d8TExxrPY5D2xljM9TL3kz8z+ukJroMJkwkqaGCLBZFKUdGolkOqM8UJYaPLcFEMXsrIkOsMDE2rYINwV9+eZW0qhW/VqndVkv18yyOPBzDCZyBDxdQhxtoQBMIPMIzvMKb8+S8OO/Ox6I152QzR/AHzucPPnWSqA==</latexit>

a→ b = ab

<latexit sha1_base64="Ztcm938gcDl1y+rmmUEW6GzxaIE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGEMVTwIvHKOYByRJmJ73JkNnZZWZWCCF/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfy0UwS9CM6lDzkjBorPVRv+sWSW3YXIOvEy0gJMjT6xa/eIGZphNIwQbXuem5i/ClVhjOBs0Iv1ZhQNqZD7FoqaYTany4unZELqwxIGCtb0pCF+ntiSiOtJ1FgOyNqRnrVm4v/ed3UhNf+lMskNSjZclGYCmJiMn+bDLhCZsTEEsoUt7cSNqKKMmPDKdgQvNWX10mrUvZq5dp9pVSvZnHk4QzO4RI8uII63EEDmsAghGd4hTdn7Lw4787HsjXnZDOn8AfO5w/65Yz3</latexit>

4:

<latexit sha1_base64="jb1iJh9DNBYIEollS4KqUxuS7mc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmRKp4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh+pNv1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7plJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTtCF4yy+vkla14tUqtftquX6Zx1GAUziDC/DgCupwBw1oAoMQnuEV3pyx8+K8Ox+L1jUnnzmBP3A+fwD324z1</latexit>

2:

<latexit sha1_base64="vQe84k4PDDh+se08DMAwhWhrhxg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGjeIp4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHi5vesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8wvnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMnub9LlCZsTYEsoUt7cSNqSKMmPDKdgQvOWXV0mzUvaq5ep9pVS7yOLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx/8aoz4</latexit>

5:

<latexit sha1_base64="90BGtrGJJQiw056prlLzzLaA5Ww=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmRKp4KXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPXg3/VLZrbhzkFXi5aQMORr90ldvELM04gqZpMZ0PTdBP6MaBZN8WuylhieUjemQdy1VNOLGz+aXTsm5VQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2hC85ZdXSata8WqV2n21XL/M4yjAKZzBBXhwBXW4gwY0gUEIz/AKb87YeXHenY9F65qTz5zAHzifP/ZWjPQ=</latexit>

1:

<latexit sha1_base64="wZVP8Vrx1Oto9/1LNDVUIl8Y/Mo="></latexit>

Size of application < N =→ standard mathematics

<latexit sha1_base64="JO8lrH+ArWNQVU52lE2Ni8dJ9bQ="></latexit>

Lossless communication =→ Cyclic permutations

<latexit sha1_base64="TAqHPlDMD07Oh8NtJbPKhk2HYBw="></latexit>

We are finite =→ Library N < ↑

<latexit sha1_base64="RSeleUTBu7trMNFrHEuVQ1S3S04=">AAACBHicbVC7TsNAEDzzDOFloExzIkKisuwUIWUkGsogyENKouh82SSnnM/W3RopslLQ8Cs0FCBEy0fQ8Tc4jgtIGGml0czu3e74kRQGXffb2tjc2t7ZLewV9w8Oj47tk9OWCWPNoclDGeqOzwxIoaCJAiV0Ig0s8CW0/en1wm8/gDYiVPc4i6AfsLESI8EZptLALvWyNxINwzm9A6Q4AWo4KHCKA7vsOm4Guk68nJRJjsbA/uoNQx4HoJBLZkzXcyPsJ0yj4BLmxV5sIGJ8ysbQTaliAZh+ki0wpxepMqSjUKelkGbq74mEBcbMAj/tDBhOzKq3EP/zujGOav1EqChGUHz50SiWFEO6SIQOhQaOcpYSxrVId6V8wjTjmOa2CMFbPXmdtCqOV3Wqt5VyvZbHUSAlck4uiUeuSJ3ckAZpEk4eyTN5JW/Wk/VivVsfy9YNK585I39gff4AvXKXeQ==</latexit>

Set the scene.

<latexit sha1_base64="KCZyO7Etx5P4ba2aZi0OeFdvHSU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFchaSL2mXRjcsK9gFtKJPJTTt08mBmIpTQnRt/xY0LRdz6C+78GydpFtp6YOBwzr0zZ46XcCaVbX8ba+sbm1vblZ3q7t7+waF5dNyVcSoodGjMY9H3iATOIugopjj0EwEk9Dj0vOlN7vceQEgWR/dqloAbknHEAkaJ0tLIPBsWd2QC/Dm+JpJRLGdhCEowkFZ1ZNZsyy6AV4lTkhoq0R6ZX0M/pmkIkaKcSDlw7ES5GRGKUQ7z6jCVkBA6JWMYaBqREKSbFRnm+EIrPg5ioU+kcKH+3shIKHU6T0+GRE3kspeL/3mDVAVNN2NRkiqI6OKhIOVYxTgvBftMAFV8pgmhgumsmE6IIFTp6vISnOUvr5Ju3XIaVuOuXms1yzoq6BSdo0vkoCvUQreojTqIokf0jF7Rm/FkvBjvxsdidM0od07QHxifP7xmmTA=</latexit>

Basic symmetries.

<latexit sha1_base64="LqoN4ZVM5Y9cnzGZEP5Bu/5+HCg=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKOlQOlZigLFI9CG1UeW4t61Vx4lsB6mKOrPwKywMIMTKF7DxNzhpBmg50pWOzn2fIOZMadf9ttbWNza3tks75d29/YND++i4raJEUmjRiEeyGxAFnAloaaY5dGMJJAw4dILpdZbvPIBULBL3ehaDH5KxYCNGiTbSwD7r5zNSCcM5vgGNEwWjhGNOxDghY3DKA7viOm4OvEq8glRQgebA/uoPI5qEIDTlRKme58baT4nUjHKYl/tmRUzo1EzvGSpICMpP8zPm+MIoQzyKpAmhca7+7khJqNQsDExlSPRELecy8b9cL9Gjup8yEScaBF0syh7VEc58wUMmgWo+M4RQycytmE6IJFQb9zITvOWXV0m76ng1p3ZXrTTqhR0ldIrO0SXy0BVqoFvURC1E0SN6Rq/ozXqyXqx362NRumYVPSfoD6zPH6fxmjI=</latexit>

Get useful language.

<latexit sha1_base64="3ZQOUJaZTp7Y+qHyO2pxLYk1XM8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0l6qD0WvHisaD+gCWWz3bRLdzdhdyOU0L/hxYMiXv0z3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnPR2nitAuiXmsBiHWlDNJu4YZTgeJoliEnPbD2W3u95+o0iyWj2ae0EDgiWQRI9hYyffDCD2kQmA1r4yqNbfuLoE2iVeQGhTojKpf/jgmqaDSEI61HnpuYoIMK8MIp4uKn2qaYDLDEzq0VGJBdZAtb16gK6uMURQrW9Kgpfp7IsNC67kIbafAZqrXvVz8zxumJmoFGZNJaqgkq0VRypGJUR4AGjNFieFzSzBRzN6KyBQrTIyNKQ/BW395k/Qada9Zb943au1WEUcZLuASrsGDG2jDHXSgCwQSeIZXeHNS58V5dz5WrSWnmDmHP3A+fwBJoZEt</latexit>

Summary

<latexit sha1_base64="fFQSCl+H12dmKzrU0J0H+zhCaTc=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFHSoXSsxMKEikQfUhtVjuO0Vh07sh1EFXXhV1gYQIiVz2Djb3DSDNBypCsdnXOvr+8JEkaVdt1va219Y3Nru7JT3d3bPzi0j467SqQSkw4WTMh+gBRhlJOOppqRfiIJigNGesH0Ovd7D0QqKvi9niXEj9GY04hipI00sk+HxRuZJOEc3goY0cc0UU51ZNdcxy0AV4lXkhoo0R7ZX8NQ4DQmXGOGlBp4bqL9DElNMSPz6jBVJEF4isZkYChHMVF+ViyfwwujhDAS0hTXsFB/T2QoVmoWB6YzRnqilr1c/M8bpDpq+hnlSaoJx4tFUcqgFjBPA4ZUEqzZzBCEJTV/hXiCJMLaZJaH4C2fvEq6dcdrOI27eq3VLOOogDNwDi6BB65AC9yANugADObgGbyCN+vJerHerY9F65pVzpyAP7A+fwAgcZYS</latexit>

No fixups.
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<latexit sha1_base64="2qXHYvIluU+xA5my0epoBvpJBu8="></latexit>

Inference is about focussing on posterior subsets X → Z of prior possibilities Z.

<latexit sha1_base64="tlGlpcz9JQCvRyRp8OLJGYl5ke0="></latexit>

Quantify by Pr(X | Z) called probability.

<latexit sha1_base64="O0sIGHfR156UUqQRTv0ElmQQ6To=">AAACCHicbVC7TsMwFHV4lvIKMDJg0SIxRFVSaGGsxMJYJPqQmqhyXKe16jiR7SBVUUYWfoWFAYRY+QQ2/gan7QAtR7J07jn36voeP2ZUKtv+NlZW19Y3Ngtbxe2d3b198+CwLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/fJP7nQciJI34vZrExAvRkNOAYqS01DdPym7qWBdWzc2gSznMq6quL62aVXezct8s2RV7CrhMnDkpgTmaffPLHUQ4CQlXmCEpe44dKy9FQlHMSFZ0E0lihMdoSHqachQS6aXTQzJ4ppUBDCKhH1dwqv6eSFEo5ST0dWeI1Eguern4n9dLVHDtpZTHiSIczxYFCYMqgnkqcEAFwYpNNEFYUP1XiEdIIKx0dkUdgrN48jJpVytOvVK/q5Ya1jyOAjgGp+AcOOAKNMAtaIIWwOARPINX8GY8GS/Gu/Exa10x5jNH4A+Mzx/G4ZXx</latexit>

{1, 3, 5} → {1, 2, 3, 4, 5, 6}

<latexit sha1_base64="IXXWV+ZXppv+wFtfme+E/lS+YbY="></latexit>

Pr is additive over X because disjoint subsets combine associatively.

<latexit sha1_base64="xn9lrp4vmYS5IzC/w1iQ2lXehoM=">AAACBXicbVDLSgMxFM3UV62vqktdBFthClJmilQ3QsGNywr2QTtDyaSZGppkhiQjlNKNG3/FjQtF3PoP7vwb03YW2nrgwuGce7n3niBmVGnH+bYyK6tr6xvZzdzW9s7uXn7/oKmiRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMLye+q0HIhWNxJ0excTnaCBoSDHSRurlj4teXdpt6HHah50SvILcbpe8s9DulIq9fMEpOzPAZeKmpABS1Hv5L68f4YQToTFDSnVdJ9b+GElNMSOTnJcoEiM8RAPSNVQgTpQ/nn0xgadG6cMwkqaEhjP198QYcaVGPDCdHOl7tehNxf+8bqLDS39MRZxoIvB8UZgwqCM4jQT2qSRYs5EhCEtqboX4HkmEtQkuZ0JwF19eJs1K2a2Wq7eVQu08jSMLjsAJsIELLkAN3IA6aAAMHsEzeAVv1pP1Yr1bH/PWjJXOHII/sD5/ADfWlSk=</latexit>

Pr(X | Z) = m(X) f(Z)<latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>. <latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>.<latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>.

<latexit sha1_base64="2OubfeBPzEMfU609kfnQxatof8A=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5SRMuAjWUE8wHJEfY2c8mS3b1jd08IIT/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBXcWN//9gpb2zu7e8X90sHh0fFJ+fSsbZJMM2yxRCS6G1GDgitsWW4FdlONVEYCO9HkbuF3nlAbnqhHO00xlHSkeMwZtU7qSKQm0zgoV/yqvwTZJEFOKpCjOSh/9YcJyyQqywQ1phf4qQ1nVFvOBM5L/cxgStmEjrDnqKISTThbnjsnV04ZkjjRrpQlS/X3xIxKY6Yycp2S2rFZ9xbif14vs/FtOOMqzSwqtloUZ4LYhCx+J0OukVkxdYQyzd2thI2ppsy6hEouhGD95U3SrlWDerX+UKs0/DyOIlzAJVxDADfQgHtoQgsYTOAZXuHNS70X7937WLUWvHzmHP7A+/wBiyqPqQ==</latexit>measure
<latexit sha1_base64="DzqJG95peqZdkVhsmK8E5MHwhjs=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInkrSQ/VY8OKxgv2ANpTNdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LQ5aOsLCw/vzLAzb5BIYdB1v52Nza3tnd3SXnn/4PDouHJy2jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/zeveJayNi9YCzhPsRHSsRCkbRWr0wVSyHYaXq1tyFyDp4BVShUGtY+RqMYpZGXCGT1Ji+5yboZ1SjYJLPy4PU8ISyKR3zvkVFI278bLHvnFxaZ0TCWNunkCzc3xMZjYyZRYHtjChOzGotN/+r9VMMb/xMqCRFrtjyozCVBGOSH09GQnOGcmaBMi3sroRNqKYMbURlG4K3evI6dOo1r1Fr3NerTbeIowTncAFX4ME1NOEOWtAGBhKe4RXenEfnxXl3PpatG04xcwZ/5Hz+AGMQkCc=</latexit>

function

<latexit sha1_base64="Me5DUncOiwAgI17NI05PMqJWC6Q=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hQkTsKtCSxscREPiJcyN6yBxv2di+7exJy4V/YWGiMrf/Gzn/jAlco+JJJXt6bycy8IOZMG9f9dnJb2zu7e/n9wsHh0fFJ8fSsrWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNMbhd+54kqzaR4MLOY+hEeCRYygo2VHst9McVKyWl5UCy5VXcJtEm8jJQgQ3NQ/OoPJUkiKgzhWOue58bGT7EyjHA6L/QTTWNMJnhEe5YKHFHtp8uL5+jKKkMUSmVLGLRUf0+kONJ6FgW2M8JmrNe9hfif10tMeOOnTMSJoYKsFoUJR0aixftoyBQlhs8swUQxeysiY6wwMTakgg3BW395k7RrVa9erd/XSo1KFkceLuASKuDBNTTgDprQAgICnuEV3hztvDjvzseqNedkM+fwB87nDyVGkIE=</latexit>

→
<latexit sha1_base64="kW9PVhOzhlWyg4O8OcJQLkNI9+M=">AAAB8XicbVA9TwJBEJ3zE/ELtbS5CCZU5I4CLUlsLDGRjwgXsrcMsGFv97K7pyEX/oWNhcbY+m/s/DcucIWCL5nk5b2ZzMwLY8608bxvZ2Nza3tnN7eX3z84PDounJy2tEwUxSaVXKpOSDRyJrBpmOHYiRWSKOTYDic3c7/9iEozKe7NNMYgIiPBhowSY6WHUk8gUUo+lfqFolfxFnDXiZ+RImRo9AtfvYGkSYTCUE607vpebIKUKMMox1m+l2iMCZ2QEXYtFSRCHaSLi2fupVUG7lAqW8K4C/X3REoiradRaDsjYsZ61ZuL/3ndxAyvg5SJODEo6HLRMOGuke78fXfAFFLDp5YQqpi91aVjogg1NqS8DcFffXmdtKoVv1ap3VWL9XIWRw7O4QLK4MMV1OEWGtAECgKe4RXeHO28OO/Ox7J1w8lmzuAPnM8fCZKQbw==</latexit>

→

<latexit sha1_base64="m3XIkwrdZXdVVA1Wj9DQYoxiH4A=">AAACHXicbVA9SwNBEN3z2/gVtbRZDIJVuBOJlqKNpYJRIYYwtzeni3u7x+6scAT/iI1/xcZCEQsb8d+4iSn8ejDweG+GmXlpqaSjOP6IxsYnJqemZ2Zrc/MLi0v15ZVTZ7wV2BZGGXuegkMlNbZJksLz0iIUqcKz9Ppg4J/doHXS6BOqSuwWcKllLgVQkHr17UPUArnzBQed8dKazAvi1it03OR8Hyp0EvTASSGVSlLV7NUbcTMegv8lyYg02AhHvfrbRWaEL1CTUOBcJ4lL6vbBkhQKb2sX3mEJ4housROohgJdtz/87pZvBCXjubGhNPGh+n2iD4VzVZGGzgLoyv32BuJ/XsdTvtvtS116CiF8Lcq94mT4ICqeSYuCVBUICCvDrVxcgQVBIdBaCCH5/fJfcrrVTFrN1vFWY297FMcMW2PrbJMlbIftsUN2xNpMsDv2wJ7Yc3QfPUYv0etX61g0mlllPxC9fwIs1KH1</latexit>

Hence sum and product rules of Bayesian probability.

<latexit sha1_base64="U3W7NEes3ZAd9EInys3qQb2+g6Y=">AAACEHicbVC7TsMwFHXKq4RXgJHFokW0S5VUqLAgVWJhLBJtozZV5ThOa9VOIttBqqJ+Agu/wsIAQqyMbPwN7mOAliPdq6Nz7pV9j58wKpVtfxu5tfWNza38trmzu7d/YB0etWScCkyaOGaxcH0kCaMRaSqqGHETQRD3GWn7o5up334gQtI4ulfjhPQ4GkQ0pBgpLfWt82LR9Bqi5EKP0wB2yvAaeqFAOOMltzzRvVOemMVi3yrYFXsGuEqcBSmABRp968sLYpxyEinMkJRdx05UL0NCUczIxPRSSRKER2hAuppGiBPZy2YHTeCZVgIYxkJXpOBM/b2RIS7lmPt6kiM1lMveVPzP66YqvOplNEpSRSI8fyhMGVQxnKYDAyoIVmysCcKC6r9CPEQ6DqUzNHUIzvLJq6RVrTi1Su2uWqhfLOLIgxNwCkrAAZegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM5Y7ByDPzA+fwDrn5la</latexit>

Pr(X | Z) =
m(X)

m(Z)
<latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>. <latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>.<latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>. <latexit sha1_base64="Q9gfIpA/nw5AwkWlylwdolkT4zQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2WmSHVZcOOygm2FdiiZNNOGJpOQZIRhqL/ixoUibv0Qd/6NmXYW2nrgwuGce5N7TygZ1cbzvp3SxubW9k55t7K3f3B45B6f9LRIFCZdLJhQDyHShNGYdA01jDxIRRAPGemHs5vc7z8SpamI700qScDRJKYRxchYaeRW65pyyQiUSkihcvFi5Na8hrcAXCd+QWqgQGfkfg3HAiecxAYzpPXA96QJMmSfw4zMK8NEE4nwDE3IwNIYcaKDbLH8HJ5bZQwjoWzFBi7U3xMZ4lqnPLSdHJmpXvVy8T9vkJjoOshoLBNDYrz8KEoYNALmScAxVQQbllqCsKJ2V4inSCFsbF4VG4K/evI66TUbfqvRumvW2pdFHGVwCs5AHfjgCrTBLeiALsAgBc/gFbw5T86L8+58LFtLTjFTBX/gfP4AomGUuw==</latexit>

(simple proportion)

<latexit sha1_base64="j8nnlIgvNHjasUizg8H8NflI7n4="></latexit>

Pr scales multiplicatively over Z because additivity is
<latexit sha1_base64="9pT+zrFXMuFTDtOSOSyaMSIBVvE=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBEi7AbJFoGbCwjmAckIczO3iRDZmeXmbvBEPIPNv6KjYUitjZ2/o2TR6GJBwYO55zLnXv8WAqDrvvtpNbWNza30tuZnd29/YPs4VHNRInmUOWRjHTDZwakUFBFgRIasQYW+hLq/uBm6teHoI2I1D2OYmiHrKdEV3CGVupkL2zagB5CQCObo/AQMzVN03xgt2vhJyiGAkfnhU425xbcGegq8RYkRxaodLJfrSDiSQgKuWTGND03xvaYaRRcwiTTSgzEjA9YD5qWKhaCaY9nN03omVUC2o20fQrpTP09MWahMaPQt8mQYd8se1PxP6+ZYPe6PRYqThAUny/qJpJiRKcF0UBo4ChHljCuhf0r5X2mGUdbY8aW4C2fvEpqxYJXKpTuirny5aKONDkhpyRPPHJFyuSWVEiVcPJInskreXOenBfn3fmYR1POYuaY/IHz+QOmUp6Z</latexit>

preserved over expansion (distributivity).

<latexit sha1_base64="m5VEqg80zAXT7Vhcq72n9P7JWP4="></latexit>

Consistency during expansion of context X → Y → Z requires f = 1/m.

<latexit sha1_base64="RSeleUTBu7trMNFrHEuVQ1S3S04=">AAACBHicbVC7TsNAEDzzDOFloExzIkKisuwUIWUkGsogyENKouh82SSnnM/W3RopslLQ8Cs0FCBEy0fQ8Tc4jgtIGGml0czu3e74kRQGXffb2tjc2t7ZLewV9w8Oj47tk9OWCWPNoclDGeqOzwxIoaCJAiV0Ig0s8CW0/en1wm8/gDYiVPc4i6AfsLESI8EZptLALvWyNxINwzm9A6Q4AWo4KHCKA7vsOm4Guk68nJRJjsbA/uoNQx4HoJBLZkzXcyPsJ0yj4BLmxV5sIGJ8ysbQTaliAZh+ki0wpxepMqSjUKelkGbq74mEBcbMAj/tDBhOzKq3EP/zujGOav1EqChGUHz50SiWFEO6SIQOhQaOcpYSxrVId6V8wjTjmOa2CMFbPXmdtCqOV3Wqt5VyvZbHUSAlck4uiUeuSJ3ckAZpEk4eyTN5JW/Wk/VivVsfy9YNK585I39gff4AvXKXeQ==</latexit>

Set the scene.

<latexit sha1_base64="KCZyO7Etx5P4ba2aZi0OeFdvHSU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFchaSL2mXRjcsK9gFtKJPJTTt08mBmIpTQnRt/xY0LRdz6C+78GydpFtp6YOBwzr0zZ46XcCaVbX8ba+sbm1vblZ3q7t7+waF5dNyVcSoodGjMY9H3iATOIugopjj0EwEk9Dj0vOlN7vceQEgWR/dqloAbknHEAkaJ0tLIPBsWd2QC/Dm+JpJRLGdhCEowkFZ1ZNZsyy6AV4lTkhoq0R6ZX0M/pmkIkaKcSDlw7ES5GRGKUQ7z6jCVkBA6JWMYaBqREKSbFRnm+EIrPg5ioU+kcKH+3shIKHU6T0+GRE3kspeL/3mDVAVNN2NRkiqI6OKhIOVYxTgvBftMAFV8pgmhgumsmE6IIFTp6vISnOUvr5Ju3XIaVuOuXms1yzoq6BSdo0vkoCvUQreojTqIokf0jF7Rm/FkvBjvxsdidM0od07QHxifP7xmmTA=</latexit>

Basic symmetries.

<latexit sha1_base64="LqoN4ZVM5Y9cnzGZEP5Bu/5+HCg=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKOlQOlZigLFI9CG1UeW4t61Vx4lsB6mKOrPwKywMIMTKF7DxNzhpBmg50pWOzn2fIOZMadf9ttbWNza3tks75d29/YND++i4raJEUmjRiEeyGxAFnAloaaY5dGMJJAw4dILpdZbvPIBULBL3ehaDH5KxYCNGiTbSwD7r5zNSCcM5vgGNEwWjhGNOxDghY3DKA7viOm4OvEq8glRQgebA/uoPI5qEIDTlRKme58baT4nUjHKYl/tmRUzo1EzvGSpICMpP8zPm+MIoQzyKpAmhca7+7khJqNQsDExlSPRELecy8b9cL9Gjup8yEScaBF0syh7VEc58wUMmgWo+M4RQycytmE6IJFQb9zITvOWXV0m76ng1p3ZXrTTqhR0ldIrO0SXy0BVqoFvURC1E0SN6Rq/ozXqyXqx362NRumYVPSfoD6zPH6fxmjI=</latexit>

Get useful language.

<latexit sha1_base64="HFIDdFQ/5LKO7ntr7VgbHjzghyE="></latexit>

No tedious philosophy (propensity, frequency, belief, plausibility, . . . ).
<latexit sha1_base64="ageBAN4dzQHRv/zzueFYkK7YQww="></latexit>

If you have the basic symmetries of arithmetic, then you have arithmetic.
<latexit sha1_base64="B1Kc0q4kR9gSG9CV7rCBDtF5pj0=">AAACFHicbVDLSsNAFJ34rPVVdelmsAiCUJIuancW3LisYB/QhjKZ3DRDJ5MwMxFK6Ee48VfcuFDErQt3/o2TNgttPTBwOOfeO5zjJZwpbdvf1tr6xubWdmmnvLu3f3BYOTruqjiVFDo05rHse0QBZwI6mmkO/UQCiTwOPW9yk/u9B5CKxeJeTxNwIzIWLGCUaCONKpdDL8C9kNEQE6XSKMllTOOU+5hgNQEjUOyDmF6XR5WqXbPnwKvEKUgVFWiPKl9DP6ZpBEJTbs4PHDvRbkakuclhVh6mChJCJ2QMA0MFiUC52TzUDJ8bxcdBLM0TGs/V3xsZiZSaRp6ZjIgO1bKXi/95g1QHTTdjIkk1CLr4KEg51jHOG8I+k0A1nxpCqGR5fhoSSag2PeYlOMuRV0m3XnMatcZdvdpqFnWU0Ck6QxfIQVeohW5RG3UQRY/oGb2iN+vJerHerY/F6JpV7JygP7A+fwCheJ3m</latexit>

Which assumption could a skeptic deny?

<latexit sha1_base64="m0vFWjEDG/E62qkusAQB/Z62R90=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxtEo6lI5FLIxFog+pjSrbdVqrjh3ZDlIUdWThV1gYQIiVT2Djb3DbDNBypCsdnXOv7r0Hx5xp43nfztr6xubWdmGnuLu3f3DoHh23tUwUoS0iuVRdjDTlTNCWYYbTbqwoijCnHTy5mfmdB6o0k+LepDENIjQSLGQEGSsN3LM+DuF1bFctFFgul2FTSYww48ykA7fkVbw54Crxc1ICOZoD96s/lCSJqDCEI617vhebIEPKMMLptNhPNI0RmaAR7VkqUER1kM0fmcILqwxhKJUtYeBc/T2RoUjrNMK2M0JmrJe9mfif10tMWA8yJuLEUEEWi8KEQyPhLBU4ZIoSw1NLEFHM3grJGClEjM2uaEPwl19eJe1qxa9VanfVUqOex1EAp+AcXAIfXIEGuAVN0AIEPIJn8ArenCfnxXl3Phata04+cwL+wPn8AU41mOA=</latexit>

Application — Probability
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<latexit sha1_base64="ivzjsGKN/X2yJylQgmPeYCl+G5s=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBA8yLIroh48KF48KhgVYgi9k95kyOzMMtOrhODPePFXvHgwiODJX3ESc/BVMFBUddNTleRKOoqi92Bicmp6ZrY0V55fWFxarqysXjpTWIE1YZSx1wk4VFJjjSQpvM4tQpYovEq6J0P/6hatk0ZfUC/HRgZtLVMpgLzUrBweE3cZKIXOEwEKt7kArQ3xDtwiTwuleFebO4WtNoab3KQcOIFtI4XNSjUKoxH4XxKPSZWNcdasDG5aRhQZahIKnKvHUU6NPliSQuF9+aZwmIPoQhvrnmrI0DX6o5T3fNMrLZ4a658mPlK/b/Qhc66XJX4yA+q4395Q/M+rF5QeNPpS5wWhFl+HfG5Ohg8r4y1pUZDqeQLCSv9XLjpgQZAvtuxLiH9H/ksud8J4L9w736ke7Y7rKLF1tsG2WMz22RE7ZWesxgR7YE/shQ2Cx+A5eA3evkYngvHOGvuB4OMT+K+kRA==</latexit>

At smallest scale, cannot have full knowledge.
<latexit sha1_base64="JIoFDNvzRTv0PVIY4aQjC0spNcE=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSBoE3aDRMuAjY0QwUQhhnB39iYOzs6uM3eFJeQbbPwVGwtFbK3s/BsnMYWvAwOHc+6ZmXvCVElLvv/hFWZm5+YXioulpeWV1bXy+kbbJpkR2BKJSsxFCBaV1NgiSQovUoMQhwrPw+ujsX9+i8bKRJ9RnmI3hoGWfSmAnNQr750kESqXHnCNGFl+k4F29+QcdMQzLdAQSE15tVeu+FV/Av6XBFNSYVM0e+X3yygRWYyahAJrO4GfUncIhqRQOCpdZhZTENcwwI6jGmK03eFkpRHfcUrE+4lxRxOfqN8TQ4itzePQTcZAV/a3Nxb/8zoZ9Q+7Q6nTjFCLr4f6meKU8HE/PJIGBancERBGur9ycQUGBLkWS66E4PfKf0m7Vg3q1fpprdLYn9ZRZFtsm+2ygB2wBjtmTdZigt2xB/bEnr1779F78V6/RgveNLPJfsB7+wSONJ4A</latexit>

Modelling needs quantity and uncertainty.

<latexit sha1_base64="zckndNeulbRr2L1m5+9xzcAWlHc=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4GmaKVJcFNy6r2Ae0Q8mkd9rYTDIkGaGU/ocbf8WNC0VcCS78GzPTLrR6IHA4597ce0+YcKaN5305hZXVtfWN4mZpa3tnd6+8f9DSMlUUmlRyqToh0cCZgKZhhkMnUUDikEM7HF9mfvselGZS3JpJAkFMhoJFjBJjpX65egO2XoMwuYBlhGV4B9RgpnH28QBbVaRxCAonhCnt9ssVz/Vy4L/EX5AKWqDRL3/0BpKmsR1COdG663uJCaZEGUY5zEq9VENC6JgMoWupIDHoYJrfNsMnabZDJJV9wuBc/dkxJbHWkzi0lTExI73sZeJ/Xjc10UUwZSJJDQg6HxSlHBuJs6DwgCkbA59YQqhidldMR0QRamycJRuCv3zyX9Kqun7NrV1XK/WzRRxFdISO0Sny0TmqoyvUQE1E0QN6Qi/o1Xl0np03531eWnAWPYfoF5zPb7QvoSc=</latexit>

Representation of object is based on number pairs.

<latexit sha1_base64="/EuaBatczwdgIRNB59oJHaBBRQQ="></latexit>

Demand lossless associativity x→ (y → z) = (x→ y)→ z of assembly.

<latexit sha1_base64="UvrDr/8jGcCJXjmKE2szoxWVVRI=">AAACEnicbZBNS8MwGMdTX+d8q3r0EtyEDcZoh0wvwsCLxwnuBbZS0izbwtK0JKmslH0GL34VLx4U8erJm9/GdOtBN58Q+PN7nj/J8/dCRqWyrG9jbX1jc2s7t5Pf3ds/ODSPjtsyiAQmLRywQHQ9JAmjnLQUVYx0Q0GQ7zHS8SY3ab/zQISkAb9XcUgcH404HVKMlEauWS5O4TUsTV27MnVr5Qrs6xOnKNYoXqBBoGTRNQtW1ZoXXBV2Jgogq6ZrfmkjjnzCFWZIyp5thcpJkFAUMzLL9yNJQoQnaER6WnLkE+kk85Vm8FyTARwGQl+u4Jz+diTIlzL2PT3pIzWWy70U/tfrRWp45SSUh5EiHC8eGkYMqgCm+cABFQQrFmuBsKD6rxCPkUBY6RTzOgR7eeVV0a5V7Xq1flcrNC6yOHLgFJyBErDBJWiAW9AELYDBI3gGr+DNeDJejHfjYzG6ZmSeE/CnjM8f5C6ZNw==</latexit>

x = (x1, x2), y = (y1, y2), . . .

<latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>. <latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>.<latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>. <latexit sha1_base64="STD4g1x7Ye1Q5YlDcAUKc7CTO60="></latexit>

Representations add linearly, (x→ y)i = xi + yi.
<latexit sha1_base64="8q4Onp/mwMA8JF/kReJfr1i4SDw="></latexit>

Demand that probing is left-distributive,

<latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>. <latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>.<latexit sha1_base64="UjrX1TOslRrOd46/Qm2pQTGATAY=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCsjrsUMWXAxjIB8wHJEfY2c8mavb1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8MBVcG8/7dra2d3b39gsHxcOj45PT0tl5WyeZYthiiUhUN6QaBZfYMtwI7KYKaRwK7ISTu4XfeUKleSIfzDTFIKYjySPOqLFS0x2Uyp7rLUE2iZ+TMuRoDEpf/WHCshilYYJq3fO91AQzqgxnAufFfqYxpWxCR9izVNIYdTBbHjon11YZkihRtqQhS/X3xIzGWk/j0HbG1Iz1urcQ//N6mYlqwYzLNDMo2WpRlAliErL4mgy5QmbE1BLKFLe3EjamijJjsynaEPz1lzdJu+L6VbfarJTrtTyOAlzCFdyAD7dQh3toQAsYIDzDK7w5j86L8+58rFq3nHzmAv7A+fwBdgGMsQ==</latexit>. <latexit sha1_base64="QOIwcy5Lxrgdlf/tyyUsDHnjD9A="></latexit>

Interaction is bilinear multiplication, (x→ y)i =
∑

jk

ωijk xj yk
<latexit sha1_base64="4xkDv4xeF003ZWSLnJPNxj+DnXE=">AAACBnicbVDLSgMxFM34rPU16lKEYCu4KjNFapcFNy4r2Ae0Q8mkmTY0kxmSO5UydOXGX3HjQhG3foM7/8a0nYW2HrhwOOfe5N7jx4JrcJxva219Y3NrO7eT393bPzi0j46bOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzRzcxvjZnSPJL3MImZF5KB5AGnBIzUs88eOAxxFdOIBUblTILGxe6YqHjIiz274JScOfAqcTNSQBnqPfur249oEppnqCBad1wnBi8lCjgVbJrvJprFhI7IgHUMlSRk2kvnZ0zxhVH6OIiUKQl4rv6eSEmo9ST0TWdIYKiXvZn4n9dJIKh6KZdxAkzSxUdBIjBEeJYJ7nPFKIiJIYQqbnbFdEgUoWCSy5sQ3OWTV0mzXHIrpcpduVC7yuLIoVN0ji6Ri65RDd2iOmogih7RM3pFb9aT9WK9Wx+L1jUrmzlBf2B9/gAgEpg8</latexit>

with 8 coe!cients ω
<latexit sha1_base64="eTf8k1M+OixxOjZsmYR+azcfHmQ=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgKiRFqsuCG5cVbCu0sUwmN+3QyYOZiVJC/8ONC0Xc+i/u/BunbRbaemDgcM49zL3HTwVX2nG+rdLa+sbmVnm7srO7t39QPTzqqCSTDNssEYm896lCwWNsa64F3qcSaeQL7Prj65nffUSpeBLf6UmKXkSHMQ85o9pIDzohPpIAQxMP7EG15tjOHGSVuAWpQYHWoPrVDxKWRRhrJqhSPddJtZdTqTkTOK30M4UpZWM6xJ6hMY1Qefl86yk5M0pAwkSaF2syV38nchopNYl8MxlRPVLL3kz8z+tlOrzych6nmcaYLT4KM0HMsbMKSMAlMi0mhlAmudmVsBGVlGlTVMWU4C6fvEo6ddtt2I3beq15UdRRhhM4hXNw4RKacAMtaAMDCc/wCm/Wk/VivVsfi9GSVWSO4Q+szx+d9ZHo</latexit>

to be defined.
<latexit sha1_base64="SpxdhWciBDUWZxY/QR8Am6hGT8Q=">AAACInicbVDLSgMxFM34rPVVdekmWATdlBmRqruCG5cV7QPaUu5kbtvQzGRMMpVS+i1u/BU3LhR1JfgxZtou1HogcDjn3lzO8WPBtXHdT2dhcWl5ZTWzll3f2Nzazu3sVrVMFMMKk0Kqug8aBY+wYrgRWI8VQugLrPn9y9SvDVBpLqNbM4yxFUI34h3OwFipnbu4kfQeaQ8GSJt3CQRUSK0Fak1Ba8m4nRtwM6RH6QVQFIKAp6vH7VzeLbgT0HnizUiezFBu596bgWRJiJFhwn7e8NzYtEagDGcCx9lmojEG1ocuNiyNIETdGk0ijumhVQLakcq+yNCJ+nNjBKHWw9C3kyGYnv7rpeJ/XiMxnfPWiEdxYjBi00OdRFAjadoXDbhCZsTQEmDKRmeU9UABM7bVrC3B+xt5nlRPCl6xULw+yZdOZ3VkyD45IEfEI2ekRK5ImVQIIw/kibyQV+fReXbenI/p6IIz29kjv+B8fQNVZqQl</latexit>

So we have lossless associativity (linear addition)
<latexit sha1_base64="izF2tjq2e4IPqeWBrsRqA7r2c7c=">AAACK3icbVDLSgMxFM34rPVVdekmWATdlBmR6rLoxqWCVaEt5U4m0wYzmTG5KZTS/3Hjr7jQhQ/c+h9m2i609UDg5Nz3CTMpDPr+hzc3v7C4tFxYKa6urW9slra2b0xqNeN1lspU34VguBSK11Gg5HeZ5pCEkt+G9+d5/LbHtRGpusZ+xlsJdJSIBQN0Urt0BiqizQcLEZU8Rpp/teh0kUZuuBahRdET2KcHochngKaJlSjcbuMWh5V2qexX/BHoLAkmpEwmuGyXXppRymzCFTIJxjQCP8PWADQKJvmw2LSGZ8DuocMbjipIuGkNRrcO6b5TIhqn2j2FdKT+rhhAYkw/CV1mAtg107Fc/C/WsBiftgZCZRa5YuNBsZUUU5ob5/zQnKHsOwJMC7crZV3QwNDZW3QmBNMnz5Kbo0pQrVSvjsq144kdBbJL9sgBCcgJqZELcknqhJFH8kzeyLv35L16n97XOHXOm9TskD/wvn8A5FSoEg==</latexit>

and left and right distributivity (bilinear multiplication).

<latexit sha1_base64="mTtBcADby03EdSt6LJJBxNADq7M=">AAACBHicbVA9TwJBEJ3DL8SvU0uajcTEBnJHgcYKY2OJiYAJXMjesgcb9vYuu3smlwuFjX/FxkJjbP0Rdv4bF7hCwZdM8vLeTGbm+TFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjjooSSWibRDyS9z5WlDNB25ppTu9jSXHoc9r1J9czv/tApWKRuNNpTL0QjwQLGMHaSAO73PcDdBWbVQsFVatV1BqnihE1sCtOzZkDrRI3JxXI0RrYX/1hRJKQCk04VqrnOrH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fyJKTo1yhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHgZE3GiqSCLRUHCkY7QLBE0ZJISzVNDMJHM3IrIGEtMtMmtZEJwl19eJZ16zW3UGrf1SvMyj6MIZTiBM3DhHJpwAy1oA4FHeIZXeLOerBfr3fpYtBasfOYY/sD6/AEe+pcc</latexit>

Application — Physics

<latexit sha1_base64="UVD439ODellUijRoYhWrMPPMxRg=">AAACJ3icbVBNSwMxFMz6bf2qevQSbAUPUnaLVE8iePFYwdpCt5Rs+tqGJpsleSuU0n/jxb/iRVARPfpPzNYetHXgwTDzHslMlEhh0fc/vYXFpeWV1bX13Mbm1vZOfnfvzurUcKhxLbVpRMyCFDHUUKCERmKAqUhCPRpcZX79HowVOr7FYQItxXqx6ArO0Ent/EW1P7SCWyosZZFOkYagkv5IxAiG8WzJjk9oSBOjIyiGVqhsishMD7DUzhf8kj8BnSfBlBTIFNV2/iXsaJ4qiJFLZm0z8BNsjZhBwSWMc2FqIWF8wHrQdDRmCmxrNMk5pkdO6dCuNm5ipBP198WIKWuHKnKbimHfznqZ+J/XTLF73nKZkxQh5j8PdVNJUdOsNNoRBjjKoSOMG+H+SnmfZf24anOuhGA28jy5K5eCSqlyUy5cnk7rWCMH5JAck4CckUtyTaqkRjh5IE/klbx5j96z9+59/KwueNObffIH3tc34W2mhA==</latexit>

Physics is about interactions, probe→→target.

<latexit sha1_base64="RSeleUTBu7trMNFrHEuVQ1S3S04=">AAACBHicbVC7TsNAEDzzDOFloExzIkKisuwUIWUkGsogyENKouh82SSnnM/W3RopslLQ8Cs0FCBEy0fQ8Tc4jgtIGGml0czu3e74kRQGXffb2tjc2t7ZLewV9w8Oj47tk9OWCWPNoclDGeqOzwxIoaCJAiV0Ig0s8CW0/en1wm8/gDYiVPc4i6AfsLESI8EZptLALvWyNxINwzm9A6Q4AWo4KHCKA7vsOm4Guk68nJRJjsbA/uoNQx4HoJBLZkzXcyPsJ0yj4BLmxV5sIGJ8ysbQTaliAZh+ki0wpxepMqSjUKelkGbq74mEBcbMAj/tDBhOzKq3EP/zujGOav1EqChGUHz50SiWFEO6SIQOhQaOcpYSxrVId6V8wjTjmOa2CMFbPXmdtCqOV3Wqt5VyvZbHUSAlck4uiUeuSJ3ckAZpEk4eyTN5JW/Wk/VivVsfy9YNK585I39gff4AvXKXeQ==</latexit>

Set the scene.

<latexit sha1_base64="KCZyO7Etx5P4ba2aZi0OeFdvHSU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFchaSL2mXRjcsK9gFtKJPJTTt08mBmIpTQnRt/xY0LRdz6C+78GydpFtp6YOBwzr0zZ46XcCaVbX8ba+sbm1vblZ3q7t7+waF5dNyVcSoodGjMY9H3iATOIugopjj0EwEk9Dj0vOlN7vceQEgWR/dqloAbknHEAkaJ0tLIPBsWd2QC/Dm+JpJRLGdhCEowkFZ1ZNZsyy6AV4lTkhoq0R6ZX0M/pmkIkaKcSDlw7ES5GRGKUQ7z6jCVkBA6JWMYaBqREKSbFRnm+EIrPg5ioU+kcKH+3shIKHU6T0+GRE3kspeL/3mDVAVNN2NRkiqI6OKhIOVYxTgvBftMAFV8pgmhgumsmE6IIFTp6vISnOUvr5Ju3XIaVuOuXms1yzoq6BSdo0vkoCvUQreojTqIokf0jF7Rm/FkvBjvxsdidM0od07QHxifP7xmmTA=</latexit>

Basic symmetries.

<latexit sha1_base64="LqoN4ZVM5Y9cnzGZEP5Bu/5+HCg=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKOlQOlZigLFI9CG1UeW4t61Vx4lsB6mKOrPwKywMIMTKF7DxNzhpBmg50pWOzn2fIOZMadf9ttbWNza3tks75d29/YND++i4raJEUmjRiEeyGxAFnAloaaY5dGMJJAw4dILpdZbvPIBULBL3ehaDH5KxYCNGiTbSwD7r5zNSCcM5vgGNEwWjhGNOxDghY3DKA7viOm4OvEq8glRQgebA/uoPI5qEIDTlRKme58baT4nUjHKYl/tmRUzo1EzvGSpICMpP8zPm+MIoQzyKpAmhca7+7khJqNQsDExlSPRELecy8b9cL9Gjup8yEScaBF0syh7VEc58wUMmgWo+M4RQycytmE6IJFQb9zITvOWXV0m76ng1p3ZXrTTqhR0ldIrO0SXy0BVqoFvURC1E0SN6Rq/ozXqyXqx362NRumYVPSfoD6zPH6fxmjI=</latexit>

Get useful language.

<latexit sha1_base64="Ab+q4oEt8PwevizmmCKg8XNny9s="></latexit>

“Probe” and “target” are interchangeable labels,
<latexit sha1_base64="wv+I/hr1Dui9sD3xiIeroAM1H1E=">AAACDHicbVDLSgMxFM34rPVVdekmWAQ3DjNFqsuCG5cV7APaUjKZTBuax5DcKZTSD3Djr7hxoYhbP8Cdf2P6WGjrgcDhnHu5OSdKBbcQBN/e2vrG5tZ2bie/u7d/cFg4Oq5bnRnKalQLbZoRsUxwxWrAQbBmahiRkWCNaHA79RtDZizX6gFGKetI0lM84ZSAk7qFotU4ZpKoGBve68Nl7G4aHmXAhxxGGLT23VTgBzPgVRIuSBEtUO0WvtqxpplkCqgg1rbCIIXOmBjgVLBJvp1ZlhI6ID3WclQRyWxnPAszwedOiXGijXsK8Ez9vTEm0tqRjNykJNC3y95U/M9rZZDcdMZcpRkwReeHkky4iHjaDI65YRTEyBFCDXd/xbRPDKHg+su7EsLlyKukXvLDsl++LxUrV4s6cugUnaELFKJrVEF3qIpqiKJH9Ixe0Zv35L14797HfHTNW+ycoD/wPn8A9nObiQ==</latexit>

so demand right-distributivity too.

<latexit sha1_base64="tu/4wosZxXl5CWpKMO6rVULXFBw="></latexit>

x→ (y + z) = x→ y + x→ z, to preserve additivity of targets.

<latexit sha1_base64="29eKyePOu5P5uVNkNOvkKgcIOfc=">AAACGXicbZDLSsNAFIYn9VbrLerSzWArtJuSFKluhIIblxXsBdpQJtNJO3QyCTMTMYa+hhtfxY0LRVzqyrdx2sairQcGPv7/HM6c3w0ZlcqyvozMyura+kZ2M7e1vbO7Z+4fNGUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTlji4nfuuWCEkDfqPikDg+GnDqUYyUlnqmVbjrBor6RMJi/EP3JXgBi3MjLsG5U+iZeatsTQsug51CHqRV75kf3X6AI59whRmSsmNboXISJBTFjIxz3UiSEOERGpCORo70HieZXjaGJ1rpQy8Q+nEFp+rviQT5Usa+qzt9pIZy0ZuI/3mdSHnnTkJ5GCnC8WyRFzGoAjiJCfapIFixWAPCguq/QjxEAmGlw8zpEOzFk5ehWSnb1XL1upKvnaZxZMEROAZFYIMzUANXoA4aAIMH8ARewKvxaDwbb8b7rDVjpDOH4E8Zn98iR58X</latexit>

x→ (y → z) = (x→ y)→ z
<latexit sha1_base64="FrrkhWibFAWcXH/heDV1kWK2P48="></latexit>

Also demand that operations chain associatively.



7

<latexit sha1_base64="P6+UzTM/Xxg+IP8s1qqLO/c47Fc=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8hZkg0WPAi8cI2SAJoadTkzTpWeiuFsKQgxd/xYsHRbz6Ed78GzvLQRMfFDzeq6KqXpBKodHzvp2Nza3tnd3cXn7/4PDo2D05berEKA4NnshEtQOmQYoYGihQQjtVwKJAQisY38781gMoLZK4jpMUehEbxiIUnKGV+m6hG4S0PgKKIwVAU5UMDEeqjATdd4teyZuDrhN/SYpkiVrf/eoOEm4iiJFLpnXH91LsZUyh4BKm+a7RkDI+ZkPoWBqzCHQvmz8xpRdWGdAwUbZipHP190TGIq0nUWA7I4YjverNxP+8jsHwppeJODUIMV8sCo2kmNBZInQgFHCUE0sYV8LeSvmIKcbR5pa3IfirL6+TZrnkV0qV+3KxerWMI0cK5JxcEp9ckyq5IzXSIJw8kmfySt6cJ+fFeXc+Fq0bznLmjPyB8/kDHXiXvQ==</latexit>

The three product rules

<latexit sha1_base64="e5ta3O3fmPUpsJOgKasyB4lxCzE=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAbBU9gNEj0GvHiMkBckS5id7SRDZneWmV4lhNy8+CtePCji1V/w5t84eRw0saChqOqmuytIpDDout9OZm19Y3Mru53b2d3bP8gfHjWMSjWHOldS6VbADEgRQx0FSmglGlgUSGgGw5up37wHbYSKazhKwI9YPxY9wRlaqZs/rQ1gRJmU6oHiQAPQRKsw5Uh1KsF08wW36M5AV4m3IAWyQL Wb/+qEiqcRxMglM6btuQn6Y6ZRcAmTXCc1kDA+ZH1oWxqzCIw/nv0xoedWCWlPaVsx0pn6e2LMImNGUWA7I4YDs+xNxf+8doq9a38s4iRFiPl8US+VFBWdhkJDoYGjHFnCuBb2VsoHTDOONrqcDcFbfnmVNEpFr1ws35UKlctFHFlyQs7IBfHIFamQW1IldcLJI3kmr+TNeXJenHfnY96acRYzx+QPnM8f54OZTw==</latexit>

They allow three product rules

<latexit sha1_base64="bAcbr6GU2W9sWgBmTHyfDhl8eD8="></latexit>

x1

x2
→

y1

y2
=

(
x1y1 ↑ x2y2

x1y2 + x2y1
︸ ︷︷ ︸

A

or
x1y1 + x2y2

x1y2 + x2y1
︸ ︷︷ ︸

B

or
x1y1

x1y2 + x2y1
︸ ︷︷ ︸

C

)

<latexit sha1_base64="ZnsV423AZqBhh1iE63HzpFlFiow=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUmKVHFVEMFlBfuAtpTJdNIOnWTCzI20hIK/4saFIm79Dnf+jZM2C209q8M593LPPV4kuAbH+bZWVtfWNzZzW/ntnd29ffvgsKFlrCirUymkanlEM8FDVgcOgrUixUjgCdb0Rjep33xkSnMZPsAkYt2ADELuc0rASD37+HYMilDAMmKKgFS4OC5e9+yCU3JmwMvEzUgBZaj17K9OX9 I4YCFQQbRuu04E3YQo4FSwab4TaxYROiID1jY0JAHT3WQWf4rPjNLHvrntyxDwTP29kZBA60ngmcmAwFAveqn4n9eOwb/qJjyMYmAhnR/yY4FB4rQL3OeKURATQwhV3GTFdEjSOkxjeVOCu/jyMmmUS26lVLkvF6oXWR05dIJO0Tly0SWqojtUQ3VEUYKe0St6s56sF+vd+piPrljZzhH6A+vzBzwQlPk=</latexit>

Extract operator x:

<latexit sha1_base64="ufMitH63hNDrZBLJJAqp34cobNE="></latexit>

x =

(
x1 →x2

x2 x1

︸ ︷︷ ︸
A

or
x1 x2

x2 x1

︸ ︷︷ ︸
B

or
x1 0

x2 x1

︸ ︷︷ ︸
C

)

<latexit sha1_base64="ZqOW/+wADOHb3pZ3Z6CeLEDacJU=">AAAB/3icbVA9SwNBEN2LXzF+nQo2NotBsAp3QaJlwMYygpcEkiPs7U2SJXu7x+6eEGIK/4qNhSK2/g07/42b5ApNfDDweG+GmXlRypk2nvftFNbWNza3itulnd29/QP38KipZaYoBFRyqdoR0cCZgMAww6GdKiBJxKEVjW5mfusBlGZS3JtxCmFCBoL1GSXGSj33JNCAU8mJwlRKFTNBDOhKzy17FW8OvEr8nJRRjkbP/erGkm YJCEM50brje6kJJ0QZRjlMS91MQ0roiAygY6kgCehwMr9/is+tEuO+VLaEwXP198SEJFqPk8h2JsQM9bI3E//zOpnpX4cTJtLMgKCLRf2MYyPxLAwcMwXU8LElhCpmb8V0SBShxkZWsiH4yy+vkma14tcqtbtquX6Zx1FEp+gMXSAfXaE6ukUNFCCKHtEzekVvzpPz4rw7H4vWgpPPHKM/cD5/AKa+ldY=</latexit>

Use polar coordinates.

<latexit sha1_base64="dscy6W/4+gtOLrXCCGoumq5xdAs=">AAAB8XicbVBNS8NAEJ34WetX1aOX1SJ4KkmR6rHgxWMF+4FpKJPtpl262YTdjVBK/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTlDVpIhLVCVEzwSVrGm4E66SKYRwK1g5HtzO//cSU5ol8MOOUBTEOJI84RWOlRx/FgIUKz4JeqexW3DnIKvFyUoYcjV7pq9tPaBYzaahArX3PTU0wQWU4FWxa7GaapUhHOGC+pRJjpoPJ/OIpubBKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/uf5mYluggmXaWaYpItFUSaIScjsfdLnilEjxpYgVdzeSugQFVJjQyraELzll1dJq1rxapXafbVcv8rjKMApnMMleHANdbiDBjSBgoRneIU3RzsvzrvzsWhdc/KZE/gD5/MHFjmQgA==</latexit>

[algebra!]

<latexit sha1_base64="zRlCEz0glihlfzCsj21k0r72P4A="></latexit>

x = r

(
cos ω → sin ω

sin ω cos ω
︸ ︷︷ ︸

A

or
cosh ω sinh ω

sinh ω cosh ω
︸ ︷︷ ︸

B

or
1 0

ω 1
︸ ︷︷ ︸

C

)

<latexit sha1_base64="6yUZtJTgnKtQj3c28nqOot1vMSY=">AAACLXicbVBNSyNBEO3R1dWsutE9emk2ET2FGZGsRxf3sEcFo4EkhJpOJWnS0z3bVRMIwT/kZf+KCB5clr36N+zEHPzYBwWv3quiqJfmRhPH8UO0tPxhZfXj2nrp08bm1ufy9s4lucIrbChnnG+mQGi0xQZrNtjMPUKWGrxKR6cz/2qMnrSzFzzJsZPBwOq+VsBB6pZ/fCdySodurHkidZY7QpJJXf4qoOeDrqRyltiDtkzSWc lDlMey2h6Dz4e6uk+1brkS1+I55HuSLEhFLHDWLd+1e04VGVpWBohaSZxzZwo+nDN4XWoXhDmoEQywFaiFDKkznX97LfeC0pN950NZlnP15cYUMqJJlobJDHhIb72Z+D+vVXD/uDPVNi8YrXo+1C+MZCdn0cme9qjYTAIB5fU8miF4UBwCLoUQkrcvvyeXh7WkXqufH1ZOjhZxrIld8VUciER8EyfipzgTDaHEjbgVD+JP9Du6j/5G/55Hl6LFzhfxCtHjEwadp+M=</latexit>

Associativity imposes 16 quadratic constraints on the 8 ω’s.

<latexit sha1_base64="djRr4lTa3V0Fl7O8idWfXa0dSPE="></latexit>

2∑

t=1

ωixtωtyz =
2∑

t=1

ωitzωtxy → i, x, y, z ↑ {1, 2}

<latexit sha1_base64="tiNwWSLGcP6HkX77LGbsdV1+47c=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxItnlgB5JvHjERB4JbMjsMMCEeawzs0Sy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxZwZ6/vfXm5jc2t7J79b2Ns/ODwqHp80jUo0oQ2iuNLtCBvKmaQNyyyn7VhTLCJOW9H4du63JlQbpuSDncY0FHgo2YARbJ0UGrfDXhElYk6fesWSX/YXQOskyEgJMtR7xa9uX5FEUGkJx8Z0Aj+2YYq1ZYTTWaGbGBpjMsZD2nFUYkFNmC6OnqELp/TRQGlX0qKF+nsixcKYqYhcp8B2ZFa9ufif10ns4CZMmYwTSyVZLhokHFmF5gmgPtOUWD51BBPN3K2IjLDGxLqcCi6EYPXlddKslINquXpfKdX8LI48nME5XEIA11CDO6hDAwg8wjO8wps38V68d+9j2ZrzsplT+APv8wcYJZJE</latexit>

split-complex
<latexit sha1_base64="/oSPW+tmLgYOYX7brrPumxOKhJg=">AAAB7nicbVDLSgNBEJz1GeMr6tHLYBA8hd0coseAF48RzAOSJcxOepMh82JmVgwhH+HFgyJe/R5v/o2TZA+aWNBQVHXT3ZVozqwLw+9gY3Nre2e3sFfcPzg8Oi6dnLasygyFJlVcmU5CLHAmoemY49DRBohIOLST8e3cbz+CsUzJBzfREAsylCxllDgvtakSmsNTv1QOK+ECeJ1EOSmjHI1+6as3UDQTIB3lxNpuFGoXT4lxjHKYFXuZBU3omAyh66kkAmw8XZw7w5deGeBUGV/S4YX6e2JKhLUTkfhOQdzIrnpz8T+vm7n0Jp4yqTMHki4XpRnHTuH573jADFDHJ54Qapi/FdMRMYQ6n1DRhxCtvrxOWtVKVKvU7qvlepjHUUDn6AJdoQhdozq6Qw3URBSN0TN6RW+BDl6C9+Bj2boR5DNn6A+Czx+UQI+v</latexit>

complex
<latexit sha1_base64="iG41lQOCjAx4brQCvbL1bnTNGDk=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFoMQm3CXIloGbCwjmA9IjrC3mUuW7O0du3NCOPIzbCwUsfXX2Plv3CRXaOKDgcd7M8zMCxIpDLrut1PY2t7Z3Svulw4Oj45PyqdnHROnmkObxzLWvYAZkEJBGwVK6CUaWBRI6AbTu4XffQJtRKwecZaAH7GxEqHgDK3UrxoAKhmCvh6WK27NXYJuEi8nFZKjNSx/DUYxTyNQyCUzpu+5CfoZ0yi4hHlpkBpIGJ+yMfQtVSwC42fLk+f0yiojGsbalkK6VH9PZCwyZhYFtjNiODHr3kL8z+unGN76mVBJiqD4alGYSooxXfxPR0IDRzmzhHEt7K2UT5hm3GZgSjYEb/3lTdKp17xGrfFQrzTdPI4iuSCXpEo8ckOa5J60SJtwEpNn8kreHHRenHfnY9VacPKZc/IHzucPaiKQpQ==</latexit>

(see later)

<latexit sha1_base64="29eKyePOu5P5uVNkNOvkKgcIOfc=">AAACGXicbZDLSsNAFIYn9VbrLerSzWArtJuSFKluhIIblxXsBdpQJtNJO3QyCTMTMYa+hhtfxY0LRVzqyrdx2sairQcGPv7/HM6c3w0ZlcqyvozMyura+kZ2M7e1vbO7Z+4fNGUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTlji4nfuuWCEkDfqPikDg+GnDqUYyUlnqmVbjrBor6RMJi/EP3JXgBi3MjLsG5U+iZeatsTQsug51CHqRV75kf3X6AI59whRmSsmNboXISJBTFjIxz3UiSEOERGpCORo70HieZXjaGJ1rpQy8Q+nEFp+rviQT5Usa+qzt9pIZy0ZuI/3mdSHnnTkJ5GCnC8WyRFzGoAjiJCfapIFixWAPCguq/QjxEAmGlw8zpEOzFk5ehWSnb1XL1upKvnaZxZMEROAZFYIMzUANXoA4aAIMH8ARewKvxaDwbb8b7rDVjpDOH4E8Zn98iR58X</latexit>

x→ (y → z) = (x→ y)→ z

<latexit sha1_base64="r6Ry64Am/ksg4Vc8/lTFxKXiXq8=">AAACanicbVFNa9wwEJXdr3TbtNsUWkouQ9eFFMJih5L0Ugj00mMK3WxgvRhZHsfKyh9I402M2UP/Ym/5BbnkR0Te9aFNOiDx9OaNZvQUV0oa8v1rx330+MnTZ1vPBy9ebr96PXyzc2rKWguciFKV+izmBpUscEKSFJ5VGnkeK5zGi+9dfrpEbWRZ/KKmwnnOzwuZSsHJUtHw9xQh40uEWHZXcA15rUja1hsFeHtXYUkyRwPN50 jCNwgTaSrFG0ONwtDUedReLFYQLrmuMhm1cn3av4ou7N5ECw8uJWXg9QIPqIQYIcHUNkz2o+HIH/vrgIcg6MGI9XESDf+ESSnqHAsSihszC/yK5i3XJIXC1SCsDVZcLPg5ziwsuJ193q6tWsEnyySQltqugmDN/l3R8tyYJo+tMueUmfu5jvxfblZT+nXeyqKqCQuxaZTWqnts5zskUqMg1VjAhZZ2VhAZ11yQ/Z2BNSG4/+SH4PRgHByOD38ejI6/9HZssV32ke2xgB2xY/aDnbAJE+zG2XbeOe+dW3fH/eDubqSu09e8Zf+E690Bj7y5pQ==</latexit>

We have bilinear multiplication (x→y)i =
∑

jk

ωijk xj yk with ω to be defined,
<latexit sha1_base64="SWuhiyLLOZSdAP+Fi2A+3i+a1Zc=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclZki1WXBjcsK9gHtUDJp2oZmkiG5Ux2G/oobF4q49Ufc+Tem7Sy09cCFwzn3JveeMBbcgOd9OxubW9s7u4W94v7B4dGxe1JqGZVoyppUCaU7ITFMcMmawEGwTqwZiULB2uHkdu63p0wbruQDpDELIjKSfMgpASv13dIjhzEmxijKrTTlkPbdslfxFsDrxM9JGeVo9N2v3kDRJGISqLBPdX0vhiAjGjgVbFbsJYbFhE7IiHUtlSRiJsgWu8/whVUGeKi0LQl4of6eyEhkTBqFtjMiMDar3lz8z+smMLwJMi7jBJiky4+GicCg8DwIPOCaURCpJYRqbnfFdEw0oWDjKtoQ/NWT10mrWvFrldp9tVy/yuMooDN0ji6Rj65RHd2hBmoiip7QM3pFb87MeXHenY9l64aTz5yiP3A+fwCTD5TC</latexit>

with associativity
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<latexit sha1_base64="5P/XHEyhSZJDPExe9hSDH6ux6+E=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDRMtAGssI5gFJCLOTu8mQeSwzs2II6W38FRsLRWz9ATv/xsmj0MQDA4dzzuXOPVHCmbFB8O1lNja3tneyu7m9/YPDI//4pGFUqinUqeJKtyJigDMJdcssh1aigYiIQzMaVWd+8x60YUre2XECXUEGksWMEuuknp/vRDGuKpFweMAyFZHL4lgrgdlAKk0khZ5fCIrBHHidhEtSQEvUev5Xp69oKkBayokx7TBIbHdCtGWUwzTXSQ0khI7IANqOSiLAdCfzW6b43Cl9HCvtnrR4rv6emBBhzFhELimIHZpVbyb+57VTG193J0wmqQVJF4vilGOr8KwY3GcaqOVjRwjVzP0V0yHRhFpXSc6VEK6evE4apWJYLpZvS4XK5bKOLDpDeXSBQnSFKugG1VAdUfSIntErevOevBfv3ftYRDPecuYU/YH3+QPGHJrc</latexit>

Complex numbers from ignorance

<latexit sha1_base64="/QVNFsH9SXddtwKaABPkfMjfNdE="></latexit>

Hence prior probability that we (initially ignorant) assign
<latexit sha1_base64="hfktSP8IPTjjMdpYyN2oX/5w5U4=">AAACFXicbVA9SwNBEN3zM8avqKXNYhAsJNwFiZYBG8sI5gOSEOY2c8mSvb1jdy8QjvwJG/+KjYUitoKd/8ZNcoUmPlh4vDczO/P8WHBtXPfbWVvf2Nzazu3kd/f2Dw4LR8cNHSWKYZ1FIlItHzQKLrFuuBHYihVC6Ats+qPbmd8co9I8kg9mEmM3hIHkAWdgrNQrXJqIAo2HdgTl0qAag6BcWz4GxUEaaguiINBodKlXKLoldw66SryMFEmGWq/w1elHLAlRGiZA67bnxqabgjKcCZzmO4nGGNgIBti2VEKIupvOr5rSc6v0aRAp++wec/V3Rwqh1pPQt5UhmKFe9mbif147McFNN+UyTgxKtvgoSMTs0llEtM8VMiMmlgBT3O5K2RAUMBuPztsQvOWTV0mjXPIqpcp9uVi9yuLIkVNyRi6IR65JldyRGqkTRh7JM3klb86T8+K8Ox+L0jUn6zkhf+B8/gD0pp6r</latexit>

to a phase interval is invariant to o!sets.
<latexit sha1_base64="4l7HT7XGjOFW0Rq1aG2zLeBNTwg=">AAACCnicbVA9SwNBEN2L3/ErammzmgjahLsgaiMEbCwjmCjkjrC3mTNL9vaO3TkxHKlt/Cs2ForY+gvs/DduYgo1Phh4vDfDzLwwlcKg6346hZnZufmFxaXi8srq2nppY7NlkkxzaPJEJvo6ZAakUNBEgRKuUw0sDiVchf2zkX91C9qIRF3iIIUgZjdKRIIztFKntFPxG3rfxx4gO6Cn1Ee4Qx3nPFEGmcJhpVMqu1V3DDpNvAkpkwkandKH3014FoNCLpkxbc9NMciZRsElDIt+ZiBlvM9uoG2pYjGYIB+/MqR7VunSKNG2FNKx+nMiZ7Exgzi0nTHDnvnrjcT/vHaG0UmQC5VmCIp/L4oySTGho1xoV2jgKAeWMK6FvZXyHtOMo02vaEPw/r48TVq1qndUPbqoleuHkzgWyTbZJfvEI8ekTs5JgzQJJ/fkkTyTF+fBeXJenbfv1oIzmdkiv+C8fwE7Xpn4</latexit>

Pr(ω) = constant

<latexit sha1_base64="yFvY03ZhxQKcVZMH9Ffgig/uGpQ="></latexit>

Rule A alone allows identification of uncertainty, as phase ω of a pair.
<latexit sha1_base64="DChxElGWJizDXBD9u0BxYcuL06g=">AAACHnicbVC7TgJBFJ3FF+ILtbSZSEysyC5RtCSxsUQjjwQImR3uwsg8NjOzRkL4Eht/xcZCY0ys9G+cBQpFb3KTk3Pu84QxZ8b6/peXWVpeWV3Lruc2Nre2d/K7e3WjEk2hRhVXuhkSA5xJqFlmOTRjDUSEHBrh8CLVG3egDVPyxo5i6AjSlyxilFhHdfOn1+DqDUg7JbCKsApvgVrMDE4H97BjqRIxh3ssExG6YcVuvuAX/WngvyCYgwKaR7Wb/2j3FE2E20M5MaYV+LHtjIm2jHKY5NqJgZjQIelDy0FJBJjOePreBB8l6RmR0i6lxVP2Z8eYCGNGInSVgtiBWdRS8j+tldjovDNmMk4sSDpbFCUcW4VTr3CPaecEHzlAqGbuVkwHRBNqnQk5Z0Kw+PJfUC8Vg3KxfFUqVE7mdmTRATpExyhAZ6iCLlEV1RBFD+gJvaBX79F79t6891lpxpv37KNf4X1+A1W8opE=</latexit>

Representation of object is based on complex numbers.

<latexit sha1_base64="GvbLcmyjnT34UWB0J3Fau5THLiY="></latexit>

Try rule A (complex numbers): range is cyclic from 0 to 2ω.
<latexit sha1_base64="CXa+W67jkk7FzlCReXW9TRiTm68=">AAACKXicbVDLSgMxFM34rPVVdekmWAUFHWZE1GXBjSupYB/QlpJJ77TBTDIkd4RS+jtu/BU3Coq69UdMHwtfB5J7OOdeknuiVAqLQfDuzczOzS8s5pbyyyura+uFjc2q1ZnhUOFaalOPmAUpFFRQoIR6aoAlkYRadHsx8mt3YKzQ6gb7KbQS1lUiFpyhk9qFkmGqCzRTUiQCoUN3m9gDZLQpFN0/cneM/cNJOdj1Kb3SNDU6BeOK0MZvF4qBH4xB/5JwSopkinK78NzsaJ4loJBLZm0jDFJsDZhBwSUM883MQsr4LetCw1HFErCtwXjTId1zSofG2rijkI7V7xMDlljbTyLXmTDs2d/eSPzPa2QYn7cGQqUZguKTh+JMUtR0FBvtCAMcZd8Rxo1wf6W8xwzj6MLNuxDC3yv/JdVjPzz1T6+Pi6WTaRw5sk12yD4JyRkpkUtSJhXCyT15JC/k1Xvwnrw372PSOuNNZ7bID3ifX30BpX4=</latexit>

range unlimited ω → (↑↓,↓). No proper prior.

<latexit sha1_base64="i1UwUK6LtFB2EqsCd4e2aeSc7aQ="></latexit>

Pr(ω) =
1

2ε
, uniform from 0 to 2ε.

<latexit sha1_base64="pf39dez/bQWuJVxI5KM2fvNykK8="></latexit>

Quantity → r , uncertainty → ω

<latexit sha1_base64="GP6SIDsmqymfcDuIPzx9FlCX2hw=">AAAB6HicdVDLSgNBEJyNrxhfUY9eRoPgadlsdBPBQ8CLxwTMA5IlzE56kzGzD2ZmhbDkC7x4UMSrn+TNv3E2iaCiBQ1FVTfdXV7MmVSW9WHkVlbX1jfym4Wt7Z3dveL+QVtGiaDQohGPRNcjEjgLoaWY4tCNBZDA49DxJteZ37kHIVkU3qppDG5ARiHzGSVKS83jQbFkmZc1x76wsWVaVtWuOBmxq+d2BZe1kqGElmgMiu/9YUSTAEJFOZGyV7Zi5aZEKEY5zAr9REJM6ISMoKdpSAKQbjo/dIZPtTLEfiR0hQrP1e8TKQmknAae7gyIGsvfXib+5fUS5dfclIVxoiCki0V+wrGKcPY1HjIBVPGpJoQKpm/FdEwEoUpnU9AhfH2K/ydt2yw7ptO0S/WrZRx5dIRO0BkqoyqqoxvUQC1EEaAH9ISejTvj0XgxXhetOWM5c4h+wHj7BMZqjOw=</latexit>

!

<latexit sha1_base64="TwW7Hq79bAQgTu5L8UbaMMrST8w="></latexit>

Hence representation of phase interval !ω = ω2 → ω1 is invariant to o”sets.

<latexit sha1_base64="WG48T1FqPSorF4bc9MCCPe/lSE0=">AAAB/nicbZBNS8NAEIYnftb6FRVPXhaL4KkkRap4KvbisUK/oA1ls920SzebsLsRQij4V7x4UMSrv8Ob/8Ztm4O2zunhfWeYmdePOVPacb6ttfWNza3twk5xd2//4NA+Om6rKJGEtkjEI9n1saKcCdrSTHPajSXFoc9px5/UZ37nkUrFItHUaUy9EI8ECxjB2kgD+7QpUyQTTtEdiuSC6rcDu+SUnXmhVXBzKEFejYH91R9GJAmp0IRjpXquE2svw1Izwum02E8UjTGZ4BHtGRQ4pMrL5udP0YVRhigw64NIaDRXf09kOFQqDX3TGWI9VsveTPzP6yU6uPEyJuJEU0EWi4KEIx2hWRZoyCQlmqcGMJHM3IrIGEtMtEmsaEJwl19ehXal7FbL1YdKqXaVx1GAMziHS3DhGmpwDw1oAYEMnuEV3qwn68V6tz4WrWtWPnMCf8r6/AFWzpRn</latexit>

Try rule B or rule C:

<latexit sha1_base64="/cBMZc8JlOg2Chmfm0kWMNvIsc8="></latexit>

For each product rule, phase ω = arg(x) is additive,
<latexit sha1_base64="oKmudDAMlWF5MD5gvZu7ds0Qva4=">AAACEHicbZDLSsNAFIYn9VbrLerSzWArtgghKVLdCAU3LivYCzShTKaTdujkwsxEDKGP4MZXceNCEbcu3fk2TpsstPWHgY//nMOZ87sRo0Ka5rdWWFldW98obpa2tnd29/T9g44IY45JG4cs5D0XCcJoQNqSSkZ6ESfIdxnpupPrWb17T7igYXAnk4g4PhoF1KMYSWUN9NOKjfio+mCHkvpEwKQGr2Bm1eBZRkmtYgz0smmYc8FlsHIog1ytgf5lD0Mc+ySQmCEh+pYZSSdFXFLMyLRkx4JECE/QiPQVBkhtd9L5QVN4opwh9EKuXiDh3P09kSJfiMR3VaeP5Fgs1mbmf7V+LL1LJ6VBFEsS4GyRFzMoQzhLBw4pJ1iyRAHCnKq/QjxGHGGpMiypEKzFk5ehUzeshtG4rZeb53kcRXAEjkEVWOACNMENaIE2wOARPINX8KY9aS/au/aRtRa0fOYQ/JH2+QNRUZou</latexit>

arg(x→ y) = arg(x) + arg(y).

<latexit sha1_base64="/s9PYfWAHjdlnwtbGWpWiM8uEmM="></latexit>

These define a four-element group spanned by {1, X, Y, Z}
<latexit sha1_base64="3uil9Vo0x8UW/irwsRSW4U4dCng=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqswUqS4LblxWsA9oh5JJM21okhmSO0oZiht/xY0LRdz6Fe78G9N2Ftp6IHA45x5u7gkTwQ143rezsrq2vrFZ2Cpu7+zu7bsHh00Tp5qyBo1FrNshMUxwxRrAQbB2ohmRoWCtcHQ99Vv3TBseqzsYJyyQZKB4xCkBK/Xc4wcOQyxTAdyum6sYiI333JJX9mbAy8TPSQnlqPfcr24/pqlkCqggxnR8L4EgIxo4FWxS7KaGJYSOyIB1LFVEMhNksxMm+MwqfRzF2j4FeKb+TmREGjOWoZ2UBIZm0ZuK/3mdFKKrIOMqSYEpOl8UpQJDjKd94D7XjIIYW0Ko5vavmA6JJhRsa0Vbgr948jJpVsp+tVy9rZRqF3kdBXSCTtE58tElqqEbVEcNRNEjekav6M15cl6cd+djPrri5Jkj9AfO5w+sN5eS</latexit>

with multiplication table
<latexit sha1_base64="2HGklMahUVk7UslfJ0/J1SlxdPQ="></latexit>

→ ·↑ ·1 ·X ·Y ·Z
1· 1 X Y Z
X· X ↓1 ↓Z Y
Y · Y Z 1 X
Z· Z ↓Y ↓X 1

<latexit sha1_base64="YMPcMTdlAh3lrIIZgwe2uOCaZuk=">AAACFnicbVA9SwNBEN3zM8avqKXNYhBsDHciahm1sYxiPiAJYW8zlyzZ2z1254QQ8its/Cs2ForYip3/xrvkCk18MPB4b4aZeX4khUXX/XYWFpeWV1Zza/n1jc2t7cLObs3q2HCoci21afjMghQKqihQQiMywEJfQt0fXKd+/QGMFVrd4zCCdsh6SgSCM0ykTuH4LpZg6SVlqkuvaE88AI0t7YECw1AbS3VAsQ800CbMdwpFt+ROQOeJl5EiyVDpFL5aXc3jEBRyyaxtem6E7REzKLiEcb4VW4gYH7AeNBOqWAi2PZq8NaaHidJNFyelkE7U3xMjFlo7DP2kM2TYt7NeKv7nNWMMLtojoaIYQfHpoiCWFDVNM6JdYYCjHCaEcSOSWynvM8M4JkmmIXizL8+T2knJOyud3Z4Uy6dZHDmyTw7IEfHIOSmTG1IhVcLJI3kmr+TNeXJenHfnY9q64GQze+QPnM8f3Tyd6g==</latexit>

Rules A and B give us generators of the form

<latexit sha1_base64="orvFTyR8o0KfVvezlfZwFmtDqFs="></latexit>

X =
0 →1

1 0
and Y =

0 1

1 0
and Y X =

1 0

0 →1
= Z

<latexit sha1_base64="5Z8+l7lFLiHNg+gMwYREPhmMhvI="></latexit>

This demands a 4-parameter representation.

<latexit sha1_base64="kzyNWkVv9r/5F+lPKA1fZLPDxvk=">AAACMnicbZDNSgMxFIUz/tb6V3XpJlgEV2VGpLqsdqO7CtYKnaFkMnc0mEmGJCOUoc/kxicRXOhCEbc+hJl2EK1eCHycey4394QpZ9q47rMzMzs3v7BYWaour6yurdc2Ni+1zBSFLpVcqquQaOBMQNcww+EqVUCSkEMvvG0X/d4dKM2kuDDDFIKEXAsWM0qMlQa1Mz8TEahiPD/GuR/GmIhohE9+cHuEmdAGSIRljEuXVN+mAtuNQa3uNtxx4b/glVBHZXUGtUc/kjRLQBjKidZ9z01NkBNlGOUwqvqZhpTQW3INfYuCJKCDfHzyCO9aJcKxVPYJg8fqz4mcJFoPk9A6E2Ju9HSvEP/r9TMTHwU5E2lmQNDJojjj2Ehc5IcjpoAaPrRAqGL2r5jeEEWosSlXbQje9Ml/4XK/4TUbzfP9euugjKOCttEO2kMeOkQtdIo6qIsoukdP6BW9OQ/Oi/PufEysM045s4V+lfP5Bb8VqIk=</latexit>

A and B and C instead of A or B or C.
<latexit sha1_base64="jtQtQPbIKqnwE+uk6+21f/lGvT0=">AAAB63icbVBNS8NAEJ34WetX1aOXYBE8laRI9Vjw4rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/dmmJkXJoIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpXe53n5g2PFaPOEtYIMlY8YhTgrnUJQqHlapX8xZw14lfkCoUaA0rX4NRTFPJFFJBjOn7XoJBRjRyKti8PEgNSwidkjHrW6qIZCbIFrfO3UurjNwo1rYUugv190RGpDEzGdpOSXBiVr1c/M/rpxjdBhlXSYpM0eWiKBUuxm7+uDvimlEUM0sI1dze6tIJ0YSijadsQ/BXX14nnXrNb9QaD/Vq87qIowTncAFX4MMNNOEeWtAGChN4hld4c6Tz4rw7H8vWDaeYOYM/cD5/AA2Rjjc=</latexit>

Want
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<latexit sha1_base64="NCgE14l9OhZc4bTX+kmS+C0YjIs="></latexit>

The four-element group {1, X, Y, Z} is upgraded to
<latexit sha1_base64="epLL5lCv7YeBFG2nspo2GogCeAI="></latexit>

{1, X, Y, Z; i, iX, iY, iZ} where i2 = →1.

<latexit sha1_base64="GP6SIDsmqymfcDuIPzx9FlCX2hw=">AAAB6HicdVDLSgNBEJyNrxhfUY9eRoPgadlsdBPBQ8CLxwTMA5IlzE56kzGzD2ZmhbDkC7x4UMSrn+TNv3E2iaCiBQ1FVTfdXV7MmVSW9WHkVlbX1jfym4Wt7Z3dveL+QVtGiaDQohGPRNcjEjgLoaWY4tCNBZDA49DxJteZ37kHIVkU3qppDG5ARiHzGSVKS83jQbFkmZc1x76wsWVaVtWuOBmxq+d2BZe1kqGElmgMiu/9YUSTAEJFOZGyV7Zi5aZEKEY5zAr9REJM6ISMoKdpSAKQbjo/dIZPtTLEfiR0hQrP1e8TKQmknAae7gyIGsvfXib+5fUS5dfclIVxoiCki0V+wrGKcPY1HjIBVPGpJoQKpm/FdEwEoUpnU9AhfH2K/ydt2yw7ptO0S/WrZRx5dIRO0BkqoyqqoxvUQC1EEaAH9ISejTvj0XgxXhetOWM5c4h+wHj7BMZqjOw=</latexit>

!
<latexit sha1_base64="qqBfsh5EoPDOT7kEY29ERNr0C8U=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARXJWZItVlwY0LFxX6gjqUTJrphGYmQ5IR6lDc+CtuXCji1q9w59+YtrPQ1kMCh3Puvck9fsKZ0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqCW0RwYXs+lhRzmLa0kxz2k0kxZHPaccfXU39zj2Viom4qccJ9SI8jFnACNZG6ttHzZApZI4OKboRksb6AQ2lSJO+XXYqzgxombg5KUOORt/+uhsIkkZmBOFYqZ7rJNrLsNSMcDop3aWKJpiM8JD2DI1xRJWXzVaYoFOjDFAgpLmxRjP1d0eGI6XGkW8qI6xDtehNxf+8XqqDSy9jcZJqGpP5Q0HKkRZomgcaMEmJ5mNDMJHM/BWREEtMtEmtZEJwF1deJu1qxa1VarfVcv08j6MIx3ACZ+DCBdThGhrQAgKP8Ayv8GY9WS/Wu/UxLy1Yec8h/IH1+QOpNZbw</latexit>

This is the Lorentz group

<latexit sha1_base64="y2r7F4dPSIzp1fyWtiFo18Faen8="></latexit>

→ ·↑ ·1 ·X ·Y ·Z ·i ·iX ·iY ·iZ
1· 1 X Y Z i iX iY iZ
X· X ↓1 ↓Z Y iX ↓i ↓iZ iY
Y · Y Z 1 X iY iZ i iX
Z· Z ↓Y ↓X 1 iZ ↓iY ↓iX i
i· i iX iY iZ ↓1 ↓X ↓Y ↓Z
iX· iX ↓i ↓iZ iY ↓X 1 Z ↓Y
iY · iY iZ i iX ↓Y ↓Z ↓1 ↓X
iZ· iZ ↓iY ↓iX i ↓Z Y X ↓1

<latexit sha1_base64="CgbSXvuePI8xS4vF9AaAfFtkilw=">AAACIXicbVDLSgNBEJyNrxhfUY9eBhPBU9gNEnMMePEYIQ8hCWF2tpMMmX0w0yuEJb/ixV/x4kGR3MSfcTbZgyYWNBRV3XR3uZEUGm37y8ptbe/s7uX3CweHR8cnxdOzjg5jxaHNQxmqR5dpkCKANgqU8BgpYL4roetO71K/+wRKizBo4SyCgc/GgRgJztBIw2K9NQHqxxKF2bYSKTIzTa/iaKyYB5piSMv1vs9wEiqvj8IHXS8PiyW7Yi9BN4mTkRLJ0BwWF30v5LEPAXLJtO45doSDhCkUXMK80I81RIxP2Rh6hgbMrBkkyw/n5hgNHh2FylSAdKn+nkiYr/XMd01neqde91LxP68X46g+SEQQxQgBXy0axTL9OY2LekIBRzkzhHElzK2UT5hiHE2oBROCs/7yJulUK06tUnuolho3WRx5ckEuyTVxyC1pkHvSJG3CyTN5Je/kw3qx3qxPa7FqzVnZzDn5A+v7ByIJo3E=</latexit>

The multiplication table

<latexit sha1_base64="KMmkNaIDxIMDfwU3H/GXU5v0lMk="></latexit>

The pseudoscalar i commutes with everything so is also special.

<latexit sha1_base64="Ihq5r+omt/PdZ+6E87mugTr9TVs=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHQi8cq9gOaUjbbSbt0swm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8GkMfc7T6g0j+WjmSbYj+hI8pAzaqzkZ34QkodUIGnMBqWyW3EXIOvEy0kZcjQHpS9/GLM0QmmYoFr3PDcx/Ywqw5nAWdFPNSaUTegIe5ZKGqHuZ4ubZ+TSKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8LafcZmkBiVbLgpTQUxM5gGQIVfIjJhaQpni9lbCxlRRZmxMRRuCt/ryOmlXK16tUruvluvXeRwFOIcLuAIPbqAOd9CEFjBI4Ble4c1JnRfn3flYtm44+cwZ/IHz+QNBHZEk</latexit>

Rule C

<latexit sha1_base64="QB4aT8OD4iroamuzB+oMKnvzxxE=">AAACDXicbVDLSsNAFJ34rPUVdelmsBVcSEmK1C4LblxWsA9oQplMJu3QyUyYmQgl9Afc+CtuXCji1r07/8ZJm4W2HrhwOPde7j0nSBhV2nG+rbX1jc2t7dJOeXdv/+DQPjruKpFKTDpYMCH7AVKEUU46mmpG+okkKA4Y6QWTm7zfeyBSUcHv9TQhfoxGnEYUI22koV2lCqbJSKKQhFALWG16MdJjIUNP05ioZtW7rA3tilNz5oCrxC1IBRRoD+0vLxQ4jQnXmCGlBq6TaD9DUlPMyKzspYokCE/QiAwM5chc8rO5mxk8N0oIIyFNcQ3n6u+NDMVKTePATOavquVeLv7XG6Q6avoZ5UmqCceLQ1HKctt5NDCkkmDNpoYgLKn5FeIxkghrE2DZhOAuW14l3XrNbdQad/VK66qIowROwRm4AC64Bi1wC9qgAzB4BM/gFbxZT9aL9W59LEbXrGLnBPyB9fkDxROasA==</latexit>

is upgraded to 8→8 .

<latexit sha1_base64="5UwN4o26k9fpVcJtdpzcnq2gDxM=">AAACKXicbVBNSwMxEM36bf2qevQSLIIHKbsi6rHgRW8K1hbaUrLpbDeY3YRkVilL/44X/4oXBUW9+kfMtj2odWDg8WaGN++FWgqLvv/hzczOzS8sLi2XVlbX1jfKm1s3VmWGQ50rqUwzZBakSKGOAiU0tQGWhBIa4e1ZMW/cgbFCpdc40NBJWD8VkeAMHdUt1y7QUq4gcpSAFKmwtA2JjnPDEKiKKI9Z2ofhAb0XGFMDVgNHiorq2OlWu+WKX/VHRadBMAEVMqnLbvml3VM8S5wYl8zaVuBr7OTMoOAShqV2ZkEzfsv60HIwZQnYTj5yOqR7junRSBnX7tkR+/MiZ4m1gyR0mwnD2P6dFeR/s1aG0WknF6nOEFI+FooyWfgsYqM9YZxtOXCAcSPcr0UwhnF04ZZcCMFfy9Pg5rAaHFePrw4rtaNJHEtkh+ySfRKQE1Ij5+SS1AknD+SJvJI379F79t69z/HqjDe52Sa/yvv6BnWkprY=</latexit>

Its coe!cient is rate of change, with respect to phase.
<latexit sha1_base64="BHBRM7DTPBgxnAJtQzjc2Sf+GKg=">AAACBHicbVC7SgNBFJ31GeMraplmMAgRJOwGiZYBQSwjmAckIcxO7iZD5rHMzIohpLDxV2wsFLH1I+z8GyePQhNPdTjnXu65J4w5M9b3v72V1bX1jc3UVnp7Z3dvP3NwWDMq0RSqVHGlGyExwJmEqmWWQyPWQETIoR4OriZ+/R60YUre2WEMbUF6kkWMEuukTiZ7rTQmcoipEjGHBywTEYLOm9Mz3Mnk/II/BV4mwZzk0ByVTuar1VU0ESAt5cSYZuDHtj0i2jLKYZxuJQZiQgekB01HJRFg2qPpE2N84pQujlycSEmLp+rvjRERxgxF6CYFsX2z6E3E/7xmYqPL9ojJOLEg6exQlHBsFZ40grtMA7V86AihmrmsmPaJJtS63tKuhGDx5WVSKxaCUqF0W8yVz+d1pFAWHaM8CtAFKqMbVEFVRNEjekav6M178l68d+9jNrrizXeO0B94nz8gjJcU</latexit>

For any complex number(s),

<latexit sha1_base64="GWCF6Y8yV312e6HaTUdnQhsf6sA=">AAACI3icbVDLSgNBEJz17fqKevQymAgKEnaDRBEEwYvHCCYRsjHMzvaaIbMPZnqFsORfvPgrXjwowYsH/8VJ3IOvgoaaqm6mu/xUCo2O827NzM7NLywuLdsrq2vrG6XNrZZOMsWhyROZqBufaZAihiYKlHCTKmCRL6HtDy4mfvselBZJfI3DFLoRu4tFKDhDI/VKp5WK7YWK8TwY5YGHfUA22ldwm4vicUDPqPAOv0veYdWuVHqlslN1pqB/iVuQMinQ6JXGXpDwLIIYuWRad1wnxW7OFAouYWR7mYaU8QG7g46hMYtAd/PpjSO6Z5SAhokyFSOdqt8nchZpPYx80xkx7Ovf3kT8z+tkGJ50cxGnGULMvz4KM0kxoZPAaCAUcJRDQxhXwuxKeZ+ZxNDEapsQ3N8n/yWtWtWtV+tXtfL5URHHEtkhu2SfuOSYnJNL0iBNwskDeSIv5NV6tJ6tsfX21TpjFTPb5Aesj08JHqM1</latexit>

d

dω
(reiω) = i reiω .

<latexit sha1_base64="0D+sVI06A/EsqdIqclgUfb/LG8Q="></latexit>

r

ω
.

<latexit sha1_base64="INIULCh6gLG8TVX73z9wv38vBnc=">AAACG3icbVC7SgNBFJ31GeNr1dLmYhAsJOwGiZYRG8sI5gFJCLOTu8mQ2dllZlYIS/7Dxl+xsVDESrDwb5w8Ck08MHA45z7mniARXBvP+3ZWVtfWNzZzW/ntnd29fffgsK7jVDGssVjEqhlQjYJLrBluBDYThTQKBDaC4c3Ebzyg0jyW92aUYCeifclDzqixUtctXWvgEqgQ0FdxmuhzMAME3kNpp40gawch+GPgGnSCjFNR7LoFr+hNAcvEn5MCmaPadT/bvZilkR3JBNW65XuJ6WRUGc4EjvPtVGNC2ZD2sWWppBHqTja9bQynVulBGCv7pIGp+rsjo5HWoyiwlRE1A73oTcT/vFZqwqtOxmWSGpRstihMBZgYJkFBjytkRowsoUxx+1dgA6ooMzbOvA3BXzx5mdRLRb9cLN+VCpWLeRw5ckxOyBnxySWpkFtSJTXCyCN5Jq/kzXlyXpx352NWuuLMe47IHzhfPxSRoC0=</latexit>

As in all groups, the identity 1 is special.
<latexit sha1_base64="RE5r7AsIAqkIT+NspYbV57WOg+Q=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKqlQYazEAluR6ENqo8pxb1qrdhJsp1IU9Q9Y+BUWBhBiZWXjb3DbDNByJEtH59x7fe/xY86Udpxva2V1bX1js7BV3N7Z3du3Dw6bKkokhQaNeCTbPlHAWQgNzTSHdiyBCJ9Dyx9dT/3WGKRiUXiv0xg8QQYhCxgl2kg9++xWK0wjCIzEINR4wMagcBdEPMweEhKamemk3LNLTtmZAS8TNycllKPes7+6/YgmwoyknCjVcZ1YexmRmlEOk2I3URATOiID6BgaEgHKy2b3TPCpUfo4iKR5ZqWZ+rsjI0KpVPimUhA9VIveVPzP6yQ6uPIyFsaJhpDOPwoSjnWEp+HgPpNANU8NIVQysyumQyIJ1SbCognBXTx5mTQrZbdart5VSrWLPI4COkYn6By56BLV0A2qowai6BE9o1f0Zj1ZL9a79TEvXbHyniP0B9bnD5CinPo=</latexit>

Its coe!cient gives quantity.

<latexit sha1_base64="Y1f5AZNhyWZclp7bn4cGzsbEBek="></latexit>

i =
d

dω
implements rule C operating on

<latexit sha1_base64="egXeH8su/9HtfUnDzCJzHaulBm4="></latexit>

All this still works even if (as will be the case)
<latexit sha1_base64="6C9Wc7dfFB5Amw4PJDyhh3naFqo=">AAACEHicbVDLSgMxFM34rPVVdekmWERXZaZIdVlw47KCfUA7lEzmThuaSYYkI5ahn+DGX3HjQhG3Lt35N6btLLT1QOBw7rk3954g4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFLy1RRaFLJpeoERANnApqGGQ6dRAGJAw7tYHQ9rbfvQWkmxZ0ZJ+DHZCBYxCgxVuqXzhKiSAzGWjBRgKmMEw4PmAltgIRYRtiO45V+qexW3BnwMvFyUkY5Gv3SVy+UNI1BGMqJ1l3PTYyfEWUY5TAp9lINCaEjMoCupcIuof1sdtAEn1olxJFU9gmDZ+rvjozEWo/jwDpjYoZ6sTYV/6t1UxNd+RkTSWpA0PlHUcqxkXiaDg6ZAmr42BJCFbO7Yjq0CdFpQEUbgrd48jJpVSterVK7rZbrF3kcBXSMTtA58tAlqqMb1EBNRNEjekav6M15cl6cd+djbl1x8p4j9AfO5w9fv5y/</latexit>

parameters are complex instead of real.

<latexit sha1_base64="M42zPF3bfw9KccjUnbtWjwPXMxU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5IUqR6rXjxWsR/QhrLZbNqlm03Y3Qgl1L/ixYMiXv0h3vw3btsctPXBwOO9GWbm+QlnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88c3M7zxSqVgsHvQkoV6Eh4KFjGBtpIFdzvp+iO5TThW6QlgE6Ho6sCtO1ZkDrRI3JxXI0RzYX/0gJmlEhSYcK9VznUR7GZaaEU6npX6qaILJGA9pz1CBI6q8bH78FJ0aJUBhLE0Jjebq74kMR0pNIt90RliP1LI3E//zeqkOL72MiSTVVJDFojDlSMdolgQKmKRE84khmEhmbkVkhCUm2uRVMiG4yy+vknat6tar9btapXGex1GEYziBM3DhAhpwC01oAYEJPMMrvFlP1ov1bn0sWgtWPlOGP7A+fwAh7JPB</latexit>

Rules A and B
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<latexit sha1_base64="6aWWlSuXmEeoMF7whmgUXQz1aDg=">AAACF3icbVDLSsNAFJ34rPUVdelmsBVchaRIdSMUuunCRQX7gDaUyXTSDp1MwsxEKCF/4cZfceNCEbe682+ctMFH64GBM+fcy733eBGjUtn2p7Gyura+sVnYKm7v7O7tmweHbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4k3rmd+6IkDTkt2oaETdAI059ipHS0sC0ykk/QGrsefA6hVfw+1dPYV/RgMgfqZGWB2bJtuwZ4DJxclICOZoD86M/DHEcEK4wQ1L2HDtSboKEopiRtNiPJYkQnqAR6WnKkZ7oJrO7UniqlSH0Q6EfV3Cm/u5IUCDlNPB0ZbaiXPQy8T+vFyv/0k0oj2JFOJ4P8mMGVQizkOCQCoIVm2qCsKB6V4jHSCCsdJRFHYKzePIyaVcsp2pVbyql2nkeRwEcgxNwBhxwAWqgAZqgBTC4B4/gGbwYD8aT8Wq8zUtXjLznCPyB8f4F1+Gecg==</latexit>

L = C→H
<latexit sha1_base64="GP6SIDsmqymfcDuIPzx9FlCX2hw=">AAAB6HicdVDLSgNBEJyNrxhfUY9eRoPgadlsdBPBQ8CLxwTMA5IlzE56kzGzD2ZmhbDkC7x4UMSrn+TNv3E2iaCiBQ1FVTfdXV7MmVSW9WHkVlbX1jfym4Wt7Z3dveL+QVtGiaDQohGPRNcjEjgLoaWY4tCNBZDA49DxJteZ37kHIVkU3qppDG5ARiHzGSVKS83jQbFkmZc1x76wsWVaVtWuOBmxq+d2BZe1kqGElmgMiu/9YUSTAEJFOZGyV7Zi5aZEKEY5zAr9REJM6ISMoKdpSAKQbjo/dIZPtTLEfiR0hQrP1e8TKQmknAae7gyIGsvfXib+5fUS5dfclIVxoiCki0V+wrGKcPY1HjIBVPGpJoQKpm/FdEwEoUpnU9AhfH2K/ydt2yw7ptO0S/WrZRx5dIRO0BkqoyqqoxvUQC1EEaAH9ISejTvj0XgxXhetOWM5c4h+wHj7BMZqjOw=</latexit>

!

<latexit sha1_base64="UlieJ9tm76+1+NG2F6g5wE2ToZo=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ArVNAyU6UKbgpuXFawF2iHIZOeqaGZC0lGKEOfwo2v4saFIm7FnW9jelG09YfAx3/O4eT8XsyZVJb1aWQWFpeWV7KrubX1jc0tc3unIaNEUKjTiEei5REJnIVQV0xxaMUCSOBxaHr9y1G9eQdCsii8UYMYnID0QuYzSpS2XPNYACcecEwkLhTTjudjGLr20TeVf+jksHDhmnmrZI2F58GeQh5NVXPNj043okkAoaKcSNm2rVg5KRGKUQ7DXCeREBPaJz1oawxJANJJx2cN8YF2utiPhH6hwmP390RKAikHgac7A6Ju5WxtZP5XayfKP3dSFsaJgpBOFvkJxyrCo4xwlwmgig80ECqY/iumt0QQqnSSOR2CPXvyPDTKJbtSqlyX89XTaRxZtIf2URHZ6AxV0RWqoTqi6B49omf0YjwYT8ar8TZpzRjTmV30R8b7F5lEnRU=</latexit>

relabel as (e1, e2, e3);
<latexit sha1_base64="JS5hBvdG3W+aUseHqJ21X+qL8qE="></latexit>

Of the other elements, (X, iY,→iZ) square to →1 (4th order);
<latexit sha1_base64="imwwn6TwY3az/tUUxGVZKwQSaR8="></latexit>

while (iX,→Y, Z) square to +1 (2nd order);

<latexit sha1_base64="niHZAZTb9S+meZ8IPrMm3gqROj8=">AAACAnicbVDLSgMxFL1TX7W+qq7ETbAIrspMkeqy4MaFiwr2Ae1QMmmmDc0kQ5IR6lDc+CtuXCji1q9w59+YtrPQ1gMXDufcm9x7gpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupr6rXuqNJPizoxj6kd4IFjICDZW6hWPukGIbqSiwjygEBMjFdOZV3LL7gxomXgZKUGGeq/41e1LkkT2KcKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZydM0KlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jw0k+ZiBNDBZl/FCYcGYmmeaA+U5QYPrYEE8XsrogMsbJJ2NQKNgRv8eRl0qyUvWq5elsp1c6zOPJwDCdwBh5cQA2uoQ4NIPAIz/AKb86T8+K8Ox/z1pyTzRzCHzifP2PGl2g=</latexit>

Lorentz factorisation

<latexit sha1_base64="zRVz7o3a2zfa7esmqnVaXfS9RaI="></latexit>

Lorentz group can be relabelled {1, i}︸ ︷︷ ︸
complex

→ {1, e1, e2, e3}︸ ︷︷ ︸
quaternion︸ ︷︷ ︸

biquaternion

= {1, e1, e2, e3︸ ︷︷ ︸
real

; i,ω1,ω2,ω3︸ ︷︷ ︸
imaginary

}

<latexit sha1_base64="EsNER90u8s/S7DsKM1oIMj2SoJI="></latexit>

The group was { 1, X, Y, Z; i, iX, iY, iZ}.
<latexit sha1_base64="7MZ/3WBStjw0Bj/We7vVfBH/Jfs=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDJTpLosuHFZwT6gLSWTudOGZjJjklGGoR/hxl9x40IRty7c+Tem7Sy09ULg5Jx7bnKPF3OmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqSiRFJo04pHseEQBZwKammkOnVgCCT0ObW98NdXb9yAVi8StTmPoh2QoWMAo0YYa2GdZzwuwO8EPRGEmNEhj1+Bjc+1BGI+yu4QIMzidVAZ22ak4s8LLwM1BGeXVGNhfPT+iSQhCU06U6rpOrPsZkZpRDpNSL1EQEzomQ+gaKEgIqp/NlprgE8P4OIikOULjGfvbkZFQqTT0TGdI9EgtalPyP62b6OCynzERJxoEnT8UJBzrCE8Twj6TQDVPDSBUMvNXTEdEEmrCUSUTgru48jJoVSturVK7qZbr53kcRXSEjtEpctEFqqNr1EBNRNEjekav6M16sl6sd+tj3lqwcs8h+lPW5w/ZEJ6x</latexit>

1 was interpreted as quantity.
<latexit sha1_base64="4x80dBMAAwgEEYaNT3anLbaiJZc=">AAACEXicbVDLTgIxFO3gC/GFunTTCCasyAwx6JLEjUtM5JEAIZ3OHWhoO5O2gyETfsGNv+LGhca4defOv7E8FgqepMnpOfekvcePOdPGdb+dzMbm1vZOdje3t39weJQ/PmnqKFEUGjTikWr7RANnEhqGGQ7tWAERPoeWP7qZ+a0xKM0ieW8mMfQEGUgWMkqMlfr5UpEV8QPRmEkDykYNBNheuyDiYQrjiCezwWm5ny+4ZXcOvE68JSmgJer9/Fc3iGgiQBrKidYdz41NLyXKMMphmusmGmJCR2QAHUslEaB76XyjKb6wSoDDSNkjDZ6rvxMpEVpPhG8nBTFDverNxP+8TmLC617KZJwYkHTxUJhwbCI8qwcHTAE1fGIJoYrZv2I6JIpQ247O2RK81ZXXSbNS9qrl6l2lULtc1pFFZ+gclZCHrlAN3aI6aiCKHtEzekVvzpPz4rw7H4vRjLPMnKI/cD5/ACvBnT0=</latexit>

i was interpreted as evolution.

<latexit sha1_base64="jj0DSwSWnqmTuO5ZSTAZZfBvWzM="></latexit>

→ ·↑ ·1 ·e1 ·e2 ·e3 ·i ·ω1 ·ω2 ·ω3

1· 1 e1 e2 e3 i ω1 ω2 ω3

e1· e1 ↓1 e3 ↓e2 ω1 ↓i ω3 ↓ω2

e2· e2 ↓e3 ↓1 e1 ω2 ↓ω3 ↓i ω1

e3· e3 e2 ↓e1 ↓1 ω3 ω2 ↓ω1 ↓i
i· i ω1 ω2 ω3 ↓1 ↓e1 ↓e2 ↓e3
ω1· ω1 ↓i ω3 ↓ω2 ↓e1 1 ↓e3 e2
ω2· ω2 ↓ω3 ↓i ω1 ↓e2 e3 1 ↓e1
ω3· ω3 ω2 ↓ω1 ↓i ↓e3 ↓e2 e1 1

<latexit sha1_base64="0dXhvC6cLQ30VqJVPwlAzZgOGHI="></latexit>

{1, e1, e2, e3} factors out as the subgroup of quaternions.

<latexit sha1_base64="XLp/1mRZ6hJge3C720wUTyj2uog=">AAAB7HicbVBNT8JAEJ31E/EL9ehlI5h4kbQc0COJF4+YWCCBhmyXLWzYbpvdrQlp+A1ePGiMV3+QN/+NW+hBwZdM8vLeTGbmBYng2jjON9rY3Nre2S3tlfcPDo+OKyenHR2nijKPxiJWvYBoJrhknuFGsF6iGIkCwbrB9C73u09MaR7LRzNLmB+RseQhp8RYyatd81p5WKk6dWcBvE7cglShQHtY+RqMYppGTBoqiNZ910mMnxFlOBVsXh6kmiWETsmY9S2VJGLazxbHzvGlVUY4jJUtafBC/T2RkUjrWRTYzoiYiV71cvE/r5+a8NbPuExSwyRdLgpTgU2M88/xiCtGjZhZQqji9lZMJ0QRamw+eQju6svrpNOou81686FRbTlFHCU4hwu4AhduoAX30AYPKHB4hld4QxK9oHf0sWzdQMXMGfwB+vwBI0iNiw==</latexit>

→i
<latexit sha1_base64="Mn+VrrqLHl7oYMFkLgC4M1cRj28=">AAACMHicbVDLSsNAFJ34rPUVdekm2AoutCQVqsuCC11WsA9oQphMJu3QmUmYmQgl9JPc+Cm6UVDErV/hpM1C2x4Y5nDOvdx7T5BQIpVtvxsrq2vrG5ulrfL2zu7evnlw2JFxKhBuo5jGohdAiSnhuK2IoriXCAxZQHE3GN3kfvcRC0li/qDGCfYYHHASEQSVlnzztnqRuUFMQzlm+nMlGTA48Z3zpXJ9uXxZLftmxa7ZU1iLxClIBRRo+eaLG8YoZZgrRKGUfcdOlJdBoQiieFJ2U4kTiEZwgPuacsiw9LLpwRPrVCuhFcVCP66sqfq3I4NM5ivqSgbVUM57ubjM66cquvYywpNUYY5mg6KUWiq28vSskAiMFB1rApEgelcLDaGASOmM8xCc+ZMXSadecxq1xn290rSLOErgGJyAM+CAK9AEd6AF2gCBJ/AKPsCn8Wy8GV/G96x0xSh6jsA/GD+/LASqNA==</latexit>→ω1,→ω2,→ω3

<latexit sha1_base64="cSK7eZH6Cdevw2ZEwK0qBlQUYD4=">AAAB8nicbVBNS8NAEN34WetX1aOXxVbwYkl6qB4LXjxWsB+QhrLZbtqlm92wOxFK6M/w4kERr/4ab/4bN20O2vpg4PHeDDPzwkRwA6777Wxsbm3v7Jb2yvsHh0fHlZPTrlGppqxDlVC6HxLDBJesAxwE6yeakTgUrBdO73K/98S04Uo+wixhQUzGkkecErCSX7vOBmGEvXmtPKxU3bq7AF4nXkGqqEB7WPkajBRNYyaBCmKM77kJBBnRwKlg8/IgNSwhdErGzLdUkpiZIFucPMeXVhnhSGlbEvBC/T2RkdiYWRzazpjAxKx6ufif56cQ3QYZl0kKTNLloigVGBTO/8cjrhkFMbOEUM3trZhOiCYUbEp5CN7qy+uk26h7zXrzoVFtuUUcJXSOLtAV8tANaqF71EYdRJFCz+gVvTngvDjvzseydcMpZs7QHzifPx0Bj8s=</latexit>

→1
<latexit sha1_base64="A5DCDJnPDbTc3qGHmsFkpdJ4EXM=">AAACDHicbZDLSsNAFIZPvNZ6q7p0M9gKLrQkFarLghuXFewF2lAm00k7dDIJMxOhhD6AG1/FjQtF3PoA7nwbJ23w0vrDwMd/zuHM+b2IM6Vt+9NaWl5ZXVvPbeQ3t7Z3dgt7+00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteaOrtN66o1KxUNzqcUTdAA8E8xnB2li9QrF0lnQ9H9FJzzn9xsoPnpfypssu21OhRXAyKEKmeq/w0e2HJA6o0IRjpTqOHWk3wVIzwukk340VjTAZ4QHtGBQ4oMpNpsdM0LFx+sgPpXlCo6n7eyLBgVLjwDOdAdZDNV9Lzf9qnVj7l27CRBRrKshskR9zpEOUJoP6TFKi+dgAJpKZvyIyxBITbfJLQ3DmT16EZqXsVMvVm0qxZmdx5OAQjuAEHLiAGlxDHRpA4B4e4RlerAfryXq13matS1Y2cwB/ZL1/AaWumMc=</latexit>→e1,→e2,→e3

<latexit sha1_base64="SOjReq79wJADHEyllmmC7+VWNoc=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPBKtyliJYBG8sI5gOSI+xt5pIlu3vH7p4QQv6CjYUitv4hO/+Nd8kVmvhg4PHeDDPzglhwY1332ylsbe/s7hX3SweHR8cn5dOzjokSzbDNIhHpXkANCq6wbbkV2Is1UhkI7AbTu8zvPqE2PFKPdhajL+lY8ZAzajOpyqulYbni1twlyCbxclKBHK1h+WswilgiUVkmqDF9z42tP6faciZwURokBmPKpnSM/ZQqKtH48+WtC3KVKiMSRjotZclS/T0xp9KYmQzSTkntxKx7mfif109seOvPuYoTi4qtFoWJIDYi2eNkxDUyK2YpoUzz9FbCJlRTZtN4shC89Zc3Sade8xq1xkO90nTzOIpwAZdwDR7cQBPuoQVtYDCBZ3iFN0c6L86787FqLTj5zDn8gfP5A7lwjVQ=</latexit>

i
<latexit sha1_base64="49jhwzMH1noabBuu/QlYVkEQrIc=">AAACQ3ichVBLSwMxGMzWV62vVY9eFlvBg5bdCtVjwYvHCvaB3VKyadqG5rEkWaEs+9+8+Ae8+Qe8eFDEq2C23YO2BQdChpn5yJcJQkqUdt0XK7eyura+kd8sbG3v7O7Z+wdNJSKJcAMJKmQ7gApTwnFDE01xO5QYsoDiVjC+Tv3WA5aKCH6nJyHuMjjkZEAQ1Ebq2fel2A8E7asJM5evyJDBpOed+eEIci1YfJ4sC1T+C1yUCj276JbdKZxF4mWkCDLUe/az3xcoYphrRKFSHc8NdTeGUhNEcVLwI4VDiMZwiDuGcsiw6sbTDhLnxCh9ZyCkOVw7U/X3RAyZSlc0SQb1SM17qbjM60R6cNWNCQ8jjTmaPTSIqKOFkxbq9InESNOJIRBJYnZ10AhKiLSpPS3Bm//yImlWyl61XL2tFGtuVkceHIFjcAo8cAlq4AbUQQMg8AhewTv4sJ6sN+vT+ppFc1Y2cwj+wPr+ATSXs1s=</latexit>ω1, ω2, ω3

<latexit sha1_base64="8KgTuV1QaE1H9gWN1Qce+oTDVUU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5IUqR4LXjxWsLXQhrLZbtulu5uwOxFK6F/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSSFRdf9dgobm1vbO8Xd0t7+weFR+fikY8PYMN5moQxNN6CWS6F5GwVK3o0MpyqQ/DGY3mb+4xM3VoT6AWcR9xUdazESjGImVUW1NChX3Jq7AFknXk4qkKM1KH/1hyGLFdfIJLW257kR+gk1KJjk81I/tjyibErHvJdSTRW3frK4dU4uUmVIRqFJSyNZqL8nEqqsnakg7VQUJ3bVy8T/vF6Moxs/ETqKkWu2XDSKJcGQZI+ToTCcoZylhDIj0lsJm1BDGabxZCF4qy+vk0695jVqjft6pXmVx1GEMziHS/DgGppwBy1oA4MJPMMrvDnKeXHenY9la8HJZ07hD5zPH7qkjVg=</latexit>

i
<latexit sha1_base64="8KgTuV1QaE1H9gWN1Qce+oTDVUU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5IUqR4LXjxWsLXQhrLZbtulu5uwOxFK6F/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSSFRdf9dgobm1vbO8Xd0t7+weFR+fikY8PYMN5moQxNN6CWS6F5GwVK3o0MpyqQ/DGY3mb+4xM3VoT6AWcR9xUdazESjGImVUW1NChX3Jq7AFknXk4qkKM1KH/1hyGLFdfIJLW257kR+gk1KJjk81I/tjyibErHvJdSTRW3frK4dU4uUmVIRqFJSyNZqL8nEqqsnakg7VQUJ3bVy8T/vF6Moxs/ETqKkWu2XDSKJcGQZI+ToTCcoZylhDIj0lsJm1BDGabxZCF4qy+vk0695jVqjft6pXmVx1GEMziHS/DgGppwBy1oA4MJPMMrvDnKeXHenY9la8HJZ07hD5zPH7qkjVg=</latexit>

i

<latexit sha1_base64="8KgTuV1QaE1H9gWN1Qce+oTDVUU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5IUqR4LXjxWsLXQhrLZbtulu5uwOxFK6F/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSSFRdf9dgobm1vbO8Xd0t7+weFR+fikY8PYMN5moQxNN6CWS6F5GwVK3o0MpyqQ/DGY3mb+4xM3VoT6AWcR9xUdazESjGImVUW1NChX3Jq7AFknXk4qkKM1KH/1hyGLFdfIJLW257kR+gk1KJjk81I/tjyibErHvJdSTRW3frK4dU4uUmVIRqFJSyNZqL8nEqqsnakg7VQUJ3bVy8T/vF6Moxs/ETqKkWu2XDSKJcGQZI+ToTCcoZylhDIj0lsJm1BDGabxZCF4qy+vk0695jVqjft6pXmVx1GEMziHS/DgGppwBy1oA4MJPMMrvDnKeXHenY9la8HJZ07hD5zPH7qkjVg=</latexit>

i
<latexit sha1_base64="8KgTuV1QaE1H9gWN1Qce+oTDVUU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5IUqR4LXjxWsLXQhrLZbtulu5uwOxFK6F/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSSFRdf9dgobm1vbO8Xd0t7+weFR+fikY8PYMN5moQxNN6CWS6F5GwVK3o0MpyqQ/DGY3mb+4xM3VoT6AWcR9xUdazESjGImVUW1NChX3Jq7AFknXk4qkKM1KH/1hyGLFdfIJLW257kR+gk1KJjk81I/tjyibErHvJdSTRW3frK4dU4uUmVIRqFJSyNZqL8nEqqsnakg7VQUJ3bVy8T/vF6Moxs/ETqKkWu2XDSKJcGQZI+ToTCcoZylhDIj0lsJm1BDGabxZCF4qy+vk0695jVqjft6pXmVx1GEMziHS/DgGppwBy1oA4MJPMMrvDnKeXHenY9la8HJZ07hD5zPH7qkjVg=</latexit>

i

<latexit sha1_base64="jFa5qj0+q/McRB8Ri+vJm/+f5IM=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxscREwAiE7C17sGFv77I7Z0Iu/AsbC42x9d/Y+W/cgysUfMkkL+/NZGaeH0th0HW/ncLG5tb2TnG3tLd/cHhUPj7pmCjRjLdZJCP94FPDpVC8jQIlf4g1p6Evedef3mR+94lrIyJ1j7OYD0I6ViIQjKKVHqtp3w+IN6+WhuWKW3MXIOvEy0kFcrSG5a/+KGJJyBUySY3peW6Mg5RqFEzyeamfGB5TNqVj3rNU0ZCbQbq4eE4urDIiQaRtKSQL9fdESkNjZqFvO0OKE7PqZeJ/Xi/B4HqQChUnyBVbLgoSSTAi2ftkJDRnKGeWUKaFvZWwCdWUoQ0pC8FbfXmddOo1r1Fr3NUrTTePowhncA6X4MEVNOEWWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPsg+PlA==</latexit>

1
<latexit sha1_base64="Zfpp3/aD8+5RtGU3CgyLy+B+pDc=">AAACH3icbZDLSsNAFIYn9VbrLerSzWAruNCSVKguC25cVrAXaEKYTCft0MlMmJkIJeRN3PgqblwoIu76NiZtBK39YeDnO+dw5vx+xKjSljUzSmvrG5tb5e3Kzu7e/oF5eNRVIpaYdLBgQvZ9pAijnHQ01Yz0I0lQ6DPS8ye3eb33SKSigj/oaUTcEI04DShGOkOe2awljh9Aknr2hRONEdciTC7TH9hYBa9qFc+sWnVrLvjf2IWpgkJtz/xyhgLHIeEaM6TUwLYi7SZIaooZSStOrEiE8ASNyCCzHIVEucn8vhSeZWQIAyGzxzWc098TCQqVmoZ+1hkiPVbLtRyuqg1iHdy4CeVRrAnHi0VBzKAWMA8LDqkkWLNpZhCWNPsrxGMkEdZZpHkI9vLJ/023Ubeb9eZ9o9qyijjK4AScgnNgg2vQAnegDToAgyfwAt7Au/FsvBofxueitWQUM8fgj4zZN3Rwoe4=</latexit>e1, e2, e3

<latexit sha1_base64="VVXd+eyZ+WEOMZFNGGJU3h/qv5I="></latexit>

relabel as (ie1, ie2, ie3) = (ω1,ω2,ω3)︸ ︷︷ ︸
Pauli matrices

.
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<latexit sha1_base64="istNBcmftN8rnKgmzs8kP1O4oMM="></latexit>

John Skilling and Kevin Knuth at the quaternion plaque in Dublin,
<latexit sha1_base64="Urt5/hN8cmrBkWe0jMVs78jVhDg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hiqR4rXjxWsB/QxrLZbtqlm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Gbmtx+pVCwW93qSUD/CQ8FCRrA20oN7ga4TyTjyHK9q98sVx3bmQKvEzUkFcjT65a/eICZpRIUmHCvVdZ1E+xmWmhFOp6VeqmiCyRgPaddQgSOq/Gx+9RSdGWWAwliaEhrN1d8TGY6UmkSB6YywHqllbyb+53VTHV75GRNJqqkgi0VhypGO0SwCNGCSEs0nhmAimbkVkRGWmGgTVMmE4C6/vEpanu3W7NqdV6lX8ziKcAKncA4uXEIdbqEBTSAg4Rle4c16sl6sd+tj0Vqw8plj+APr8weROJCT</latexit>

13 April 2024.

1

<latexit sha1_base64="34lu3gaqfThvKTntYaBY7Tx72t0="></latexit>

Here as he walked by
on the 16th of October 1843
Sir William Rowan Hamilton
in a flash of genius discovered
the fundamental formula for
quaternion multiplication

i2 = j2 = k2 = ijk = �1
& cut it on a stone of this bridge

<latexit sha1_base64="bTY71/1Znz0JmK6NsDraTuziPxg=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyHponZZceOygn1AG8pkMmmHTmbCzEQooeCvuHGhiFu/w51/46TNQlsPXDiccy/33hOmjCrted9WZWNza3unumvv7R8cHjnHJ10lMolJBwsmZD9EijDKSUdTzUg/lQQlISO9cHpb+L1HIhUV/EHPUhIkaMxpTDHSRho5Z/ZNFEEmxhRDxCOoNJWuPXJqnustANeJX5IaKNEeOV/DSOAsIVxjhpQa+F6qgxxJTTEjc3uYKZIiPEVjMjCUo4SoIF+cP4eXRolgLKQpruFC/T2Ro0SpWRKazgTpiVr1CvE/b5DpuBnklKeZJhwvF8UZg1rAIgsYUUmwZjNDEJbU3ArxBEmEtUmsCMFffXmddOuu33Ab9/Vaq1nGUQXn4AJcAR9cgxa4A23QARjk4Bm8gjfryXqx3q2PZWvFKmdOwR9Ynz/uhZQq</latexit>

Add logic and stir.
<latexit sha1_base64="Oixnfz/kW+2WpgctWHlQYzeKONE="></latexit>

{1 , i }︸ ︷︷ ︸
uncertainty

→ {1, e1, e2, e3}︸ ︷︷ ︸
mathematics︸ ︷︷ ︸

the language of physics

<latexit sha1_base64="0NKr/6quacnXAEgzdQ1PhXXaCyY=">AAAB/3icbVDLSsNAFJ3UV42vqODGzWARXZWki9plwY3LCn1BG8pketMMnTyYmVhK7MJfceNCEbf+hjv/xmmbhbYeuHA4517uvcdLOJPKtr+Nwsbm1vZOcdfc2z84PLKOT9oyTgWFFo15LLoekcBZBC3FFIduIoCEHoeON76d+50HEJLFUVNNE3BDMoqYzyhRWhpYZ2bf83EzADxhigYgr7AnYDKwSnbZXgCvEycnJZSjMbC++sOYpiFEinIiZc+xE+VmRChGOczMfiohIXRMRtDTNCIhSDdb3D/Dl1oZYj8WuiKFF+rviYyEUk5DT3eGRAVy1ZuL/3m9VPk1N2NRkiqI6HKRn3KsYjwPAw+ZAKr4VBNCBdO3YhoQQajSkZk6BGf15XXSrpSdarl6XynVa3kcRXSOLtA1ctANqqM71EAtRNEjekav6M14Ml6Md+Nj2Vow8plT9AfG5w9VF5UD</latexit>

The witches’ brew
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<latexit sha1_base64="shR7EAlsAWfkYO8zBikCLkKD6oQ="></latexit>

Sum rule from associative commutativity of content.
Product rules from associative distributivity of operators.
Number pairs, for quantity and uncertainty.

,
.

-
Simple and general.

No other assumptions.

<latexit sha1_base64="1D6KgGPzBl35Jp4aWN3SMdDz+Dg="></latexit>

Relativistic quantum formalism is just
<latexit sha1_base64="dP2G/Lr9yclX4v/WLYabzXu6hgg=">AAACDXicbZC7SgNBFIZnvcZ4i1rajEbBKuymiCkDNpYRzAWSEGYnZ5MhM7PLzFkhhLyAja9iY6GIrb2db+PkUmjiDwM//7kM5wsTKSz6/re3tr6xubWd2cnu7u0fHOaOjus2Tg2HGo9lbJohsyCFhhoKlNBMDDAVSmiEw5tpvfEAxopY3+MogY5ifS0iwRm6qJu7aIcRxQFQZgQOFKDgNI6oTlUIhiZMGEvPurm8X/BnoqsmWJg8WajazX21ezFPFWjkklnbCvwEO2Nm3HoJk2w7tZAwPmR9aDmrmQLbGc+umdBLl/RoFBv3NNJZ+ntizJS1IxW6TsVwYJdr0/C/WivFqNwZC52kCJrPP4pSSTGmUzS0JwxwlCNnGHc4HAo+YIZxdACzDkKwfPKqqRcLQalQuivmK+UFjgw5JefkigTkmlTILamSGuHkkTyTV/LmPXkv3rv3MW9d8xYzJ+SPvM8fOaGa/w==</latexit>

the arithmetic of number pairs !

<latexit sha1_base64="OtYMIbeO+pn7d24k0C2bxxsn2KE="></latexit>

We recognise






complex numbers underlying physics
phase as ignorance accompanying quantity
quantification by Born rule
Lorentz group
4-spin and 4-momentum
three-dimensional space
special relativity with Minkowski metric
matter and antimatter
the Dirac equation
conservation of quantity


